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Using the concepts of slow sound and critical coupling, an ultra-thin acoustic metamaterial panel
for perfect and quasi-omnidirectional absorption is theoretically and experimentally conceived
in this work. The system is made of a rigid panel with a periodic distribution of thin closed slits,
the upper wall of which is loaded by Helmholtz Resonators (HRs). The presence of resonators
produces a slow sound propagation shifting the resonance frequency of the slit to the deep subwavelength regime (k=88). By controlling the geometry of the slit and the HRs, the intrinsic viscothermal losses can be tuned in order to exactly compensate the energy leakage of the system and
fulfill the critical coupling condition to create the perfect absorption of sound in a large range of
incidence angles due to the deep subwavelength behavior. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4962328]

The ability to perfectly absorb an incoming wave field
in a sub-wavelength material is advantageous for several
applications in wave physics as energy conversion,1 time
reversal technology,2 coherent perfect absorbers,3 or soundproofing4 among others. The solution of this challenge
requires to solve a complex problem: reducing the geometric
dimensions of the structure while increasing the density of
states at low frequencies and finding the good conditions to
match the impedance to the background medium.
A successful approach for increasing the density of states
at low frequencies with reduced dimensions is the use of
metamaterials. Recently, several possibilities based on these
systems have been proposed to design sound absorbing structures which can present simultaneously sub-wavelength
dimensions and strong acoustic absorption.5 One strategy to
design these sub-wavelength systems consists of using spacecoiling structures.6,7 Another way is to use sub-wavelength
resonators as membranes4,8 or Helmholtz resonators
(HRs).9,10 Recently, a new type of sub-wavelength metamaterials based on the concept of slow sound propagation has been
used for the same purpose. This last type of metamaterials11–13 makes use of its strong dispersion for generating
slow-sound conditions inside the material and, therefore, drastically decreasing frequency of the absorption peaks. Hence,
the structure thickness becomes deeply sub-wavelength. All
of these structures, however, while they bring potentially solutions to reduce the geometric dimensions, face the challenge
of impedance mismatch to the background medium.
The interaction of an incoming wave with a lossy resonant structure, in particular, the impedance matching with
the background field, is one of the most studied processes in
the field of wave physics.1–3 These open systems, at the resonant frequency, are characterized by both the leakage rate of
energy (i.e., the coupling of the resonant elements with the
propagating medium) and the intrinsic losses of the resonator. The balance between the leakage and the losses activates
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the condition of critical coupling, trapping the energy around
the resonant elements and generating a maximum of energy
absorption.14 In the case of transmission systems, degenerate
critically coupled resonators with symmetric and antisymmetric resonances should be used to perfectly absorb the
incoming energy by trapping the energy in the resonant element, i.e., without reflection or transmission.15,16 In the case
of purely reflecting system, either symmetric or antisymmetric resonances that are critically coupled can be used to
obtain perfect absorption of energy by a perfect trapping of
energy around the resonators.17,18
In this work, using the concepts of slow sound and critical coupling, we theoretically and experimentally report a
prefect and quasi-omnidirectional absorbing metamaterial
panel with deep sub-wavelength thickness. As shown in
Fig. 1, the system consists of a thin panel perforated with a
periodic arrangement of slits, of thickness h, with periodicity d along the x1 direction. The upper wall of the slit is
loaded by N identical HRs arranged in a square array of
side a. The HRs, of square cross-section, are characterized
by a neck and a cavity width wn and wc, and lengths ln and
lc, respectively. The presence of the HRs introduces a
strong dispersion in the slit producing slow sound propagation, in such a way that the resonance of the slit is down
shifted: the slit becomes a deep sub-wavelength resonator.
The visco-thermal losses in the system are considered in
both the resonators and the slit by using effective complex
and frequency dependent parameters.19 Therefore, by modifying the geometry, the intrinsic losses of the system can be
efficiently tuned and the critical coupling condition can be
fulfilled to solve the impedance matching to the exterior
medium.
We start by analyzing the dispersion properties, along
the dimension x2, inside the slit in order to inspect the slow
sound behavior. Periodic boundary conditions are assumed
in the x1 dimension at boundaries Cx1 ¼0 and Cx1 ¼d , which for
normal incidence reduce to symmetry boundary conditions.
At this stage, we have to notice that through this work,
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FIG. 1. (a) Conceptual view of the thin
panel placed on a rigid wall with one
layer of square cross-section Helmholtz
resonators, N ¼ 1. (b) Scheme of the
unit cell of the panel composed of a set
of N Helmholtz resonators. Symmetry
boundary conditions are applied at
boundaries Cx1 ¼d and Cx1 ¼0 .

several theoretical models are used to analyze the structure:
a full modal expansion model (MEM), its low frequency
approximation that gives the effective parameters, an
approach based on the transfer matrix method (TMM), and
the finite element method (FEM). See supplementary
material for more details of the models. Figure 2(a) shows
the real part of the phase velocity in the slit, calculated both
in the lossless and in the lossy cases, for a metamaterial with
parameters h ¼ 1.2 mm, a ¼ 1.2 cm, wn ¼ a=6; wc ¼ a=2,
d ¼ 7 cm, ln ¼ d=3, and lc ¼ d  h  ln . Figure 2(b) shows
the corresponding dispersion relation, where a band gap can
be observed above the resonant frequency of the HRs, fHR .
Due to the presence of this band gap, slow sound propagation
conditions are achieved in the dispersive band below fHR . In
the lossless case, zero phase velocity can be observed for frequencies just below fHR . Note also that the maximum wavenumber inside the slit is limited by the discreteness to the
value kmax ¼ pN=L, as shown by the TMM calculations
(dashed blue curve in Fig. 2(b)). In the lossy case, the losses
limit the minimum value of group velocity,20 but in our system slow sound velocity can be achieved in the dispersive
band below fHR . The average sound speed in the low frequency range is much lower (50 m/s) than the speed of sound
in air. Therefore, the collective resonances produced by the
array of HRs will be in the deep sub-wavelength regime
compared with the length, L, of the slit.
The resonant scattering problem analyzed in this work
can be characterized by the reflection coefficient. A simple
way to obtain this reflection coefficient consists of using
the effective bulk modulus, je, and effective density, qe, of
the system. The reflection coefficient reads as

iZe0 cotðke LÞ  ixDlslit =/t c0  1= cosðhÞ
;
(1)
iZe0 cotðke LÞ  ixDlslit =/t c0 þ 1= cosðhÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where the normalized effective impedance is Ze0 ¼ qe je =q0 j0
(q0 and j0 are the density
and ﬃbulk modulus of air), the effective
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wavenumber ke ¼ x qe =je ; Dlslit is the end correction of
the slit accounting for the radiation from the slit to the free
space, /t ¼ h=d is the total porosity of the metamaterial, x is
the angular frequency, c0 is the sound speed of air, and h is the
angle of incidence. The effective parameters can be obtained in
the low frequency approximation of the MEM as
Re ðhÞ ¼



js
js /ðvc jn þ vn jc Þ 1
1þ
;
je ¼
/t
jn hðSn jc  vc qn ln x2 Þ
qe ¼

qs
;
/t

(2)
(3)

where qs and qn are the effective densities of the slit and
neck; js, jn, and jc are the effective bulk modulus of the slit,
neck, and cavity, respectively; vn and vc are the volumes of
the neck and cavity of the HRs, respectively.
In the complex frequency plane, the reflection coefficient
has pairs of zeros and poles that are complex conjugates one
from another in the lossless case. In the expðixtÞ sign convention, the zeros are located in the positive imaginary plane.
The imaginary part of the complex frequency of the poles of
the reflection coefficient represents the energy leakage of the
system into the free space.18 Once the intrinsic losses are
introduced in the system, the zeros of the reflection coefficient
move downwards to the real frequency axis.21 For a given frequency, if the intrinsic losses perfectly balance the energy

FIG. 2. (a) Phase speed for a panel of
N ¼ 3 resonators calculated by full
modal expansion (continuous gray),
effective parameters (dotted), and
TMM (dashed) for the lossless case
(blue) including thermo-viscous losses
(red). (b) Corresponding wavenumber,
where k0 is the wavenumber in air. (c)
Absorption of the panel. The dasheddotted line marks the resonant frequency
of the HRs and the shaded area corresponds to the band-gap. (d) Complexfrequency planes of the reflection coefficient calculated by TMM, where fr and
fi are the real and imaginary parts of the
complex frequency.
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leakage of the system, a zero of the reflection coefficient is
exactly located on the real frequency axis and therefore perfect absorption, a ¼ 1  jRe j2 ¼ 1, can be obtained. This condition is known as critical coupling.14–18,21
Figure 2(c) shows the absorption predicted by the different models when the geometry of the system has been tuned
to introduce the exact amount of intrinsic losses that exactly
compensates the energy leakage of the system at 275 Hz
for N ¼ 3. In this situation, as shown in Fig. 2(d), the lower
frequency zero is located on the real axis, leading to a peak
of perfect absorption. In addition, as we have N ¼ 3 resonators, other two secondary peaks of absorption are observed at
higher frequencies, e.g., 442 Hz and 471 Hz. Their corresponding zeros are located close to the real axis and, although
the critical coupling condition is not exactly fulfilled, high
absorption values can be observed at these frequencies. The
differences between the several model predictions observed in
the absorption coefficient are due to the fact that the effect of
the discreteness is not captured by neither the MEM nor its
effective parameters. MEM leads to an infinite number of
zeros and poles close to the resonance, producing the artificial
increase of the absorption observed in Fig. 2(c) near fHR .
Consequently, the prediction of absorption by MEM is accurate only if these zeros do not interact with the real axis or if
the number of resonators is considerably increased. The TMM
captures this discreteness effect and shows good results in this
range of frequencies (400–500 Hz).
The previous sample provides perfect absorption for a
thickness of L ¼ 3a ¼ k=34:5. Using an optimization method
(sequential quadratic programming (SQP) method22), the
geometry of the system can be tuned in order to minimize the
thickness of the material, providing structures with perfect
absorption and deep sub-wavelength dimensions. The TMM
was employed in the optimization to consider the discreteness
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effects on the reflection coefficient. The resulting structure from
the optimization procedure is shown in Figure 3(a): a sample
with a single layer of resonators, N ¼ 1 with h ¼ 2.63 mm,
d ¼ 14.9 cm, a ¼ L ¼ d=13 ¼ 1:1 cm; wn ¼ 2:25 mm; wc
¼ 4:98 mm; ln ¼ 2:31 cm; lc ¼ 12:33 cm. The width of the
impedance tube used for measurements, d, allows to fit 13 resonators in the transversal dimension as shown in Fig. 3(a). The
sample was built using stereolithography techniques using a
photosensitive epoxy polymer (Accura 60 V , 3D Systems
Corporation, Rock Hill, SC 29730, USA), where the acoustic
properties of the solid phase are q0 ¼ 1210 kg/m3, c0 ¼ [1570,
1690] m/s. The structure presents a peak of perfect absorption
at f ¼ 338.5 Hz (different than that of the HR, fHR ¼ 370 Hz)
with a thickness L ¼ k=88.
Figure 3(b) shows the absorption coefficient at normal
incidence calculated with the different semi-analytical methods, predicted numerically by FEM and measured experimentally. At f ¼ 338.5 Hz, perfect absorption can be observed. The
maximum absorption measured experimentally was a ¼ 0.97,
as shown in the inset of Fig. 3(b). This small discrepancy
between the measurements and the models can be caused by
experimental reasons including the non perfect fitting of the
slit on the impedance tube and the excitation of plate modes
of the solid medium that composes the metamaterial.
On the other hand, Fig. 3(c) shows the corresponding
reflection coefficient in the complex frequency plane calculated with MEM. The color map corresponds to the case in
which the critical coupling condition is fulfilled, i.e., the zero
of the reflection coefficient is exactly located on the real frequency axis. As long as the intrinsic losses depend on the
geometry of the resonators and the thickness of the slits, we
also represent in Fig. 3(c) the trajectory of this zero as the
geometry of the system is modified. The crossing of the trajectories with the real frequency axis implies that perfect
R

FIG. 3. (a) Photograph of the experimental setup with a vertical unit cell, N ¼ 1,
in the interior of the impedance tube.
The translucent resin allows to see the
array of HRs. Picture shows the tube
open, but it was closed for the experiments. (b) Absorption of the system measured experimentally (crosses), calculated
by the full modal expansion (thick continuous gray), effective parameters (dashed
red), transfer matrix method (continuous
blue), and finite element method (circles).
(c) Representation of the reflection coefficient in the complex frequency plane for
the optimized sample. Each line shows
the trajectory of its zero by changing a
geometry parameter. (d) Absorption peak
as a function of the angle of incidence
calculated by the effective parameters
(dashed red), transfer matrix method
(continuous blue). The inset in (d) shows
the absorption coefficient in diffuse field
as a function of frequency.
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absorption can be achieved with this system at this particular
frequency. It can be seen that the trajectories linked to the
resonators geometry, wn, wc, ln have a strong effect in the
real part of the complex frequency of the zero, as they modify the HRs resonant frequency. In the case of ln, due to the
geometric constraint d  h þ ln þ lc , increasing the length of
the neck implies also that the reduction of the cavity and the
trajectory of the zero is twisted. The trajectory of the slit
thickness, h, shows that the intrinsic losses are excessively
increased for very narrow slits and critical coupling condition cannot be fulfilled. For very wide slits, the geometrical
constraints also imply the reduction of the size of the resonators and therefore the resonant frequency is increased.
Finally, the trajectory linked to the lattice size, a, shows how
the depth of the slit, L ¼ Na, is mainly linked to the intrinsic
losses of the system: the peak absorption frequency is almost
independent of a; it mostly depends on the resonator resonant frequency. Moreover, as the slow sound conditions are
caused by the local resonance of the HRs, the periodicity of
the array of HRs is not a necessary condition for these perfect absorbing panels. However, considering periodicity
allows us to design and tune the system using the present
analytical methods.
Finally, Fig. 3(d) shows the absorption of the metamaterial panel as a function of the angle of incidence. It can be
observed that almost perfect absorption is obtained for a broad
range of angles, being a > 0:90 for incident waves with
h < 60 . The inset of Fig. 3(d)Ð shows the absorption in diffuse
p=2
field23 calculated as adiff ¼ 2 0 aðhÞ cosðhÞ sinðhÞdh, where
at the working frequency it reaches a value of adiff ¼ 0:93,
showing the quasi-omnidirectional behavior of the absorption
in this sub-wavelength structure.
Realistic panels for sound perfect absorption with subwavelength sizes are designed in this work with simple structures made of bricks with Helmholtz resonators. Perfect
absorption of sound is achieved at 338.5 Hz with a panel thickness of L ¼ k/88 ¼ 1.1 cm and without added porous material.
It is worth noting here that the total panel size in the vertical
dimension is also sub-wavelength d ¼ k/6.5 ¼ 14.5 cm. The
sub-wavelength feature of the presented structure provides perfect absorption for a wide range of incident angles. This almost
omnidirectional sound absorber can be employed in practical
applications where the omnidirectional feature is mandatory.
In addition, several theoretical approaches have been presented
and validated experimentally, where their limits of validity
are discussed. In order to provide accurate models, we have
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presented the design with standard Helmholtz resonators.
However, the thickness of the structure can be even reduced
by engineering the geometry using coiled-up channels or
embedding the neck into the cavity of the HRs. These promising results open the possibilities to study different configurations based on these metamaterials and to extend the results to
broadband and omnidirectional perfect absorption with deep
sub-wavelength structures.
See supplementary material at for more details of the
models.
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