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Abstract Many systems in nature, like drops, bubbles or some macromolecules
present circular or spherical symmetry. Under the influence of some external force,
such objects often develop surface patterns whose properties are greatly influenced
by the underlying geometry. However, differently from the planar case, patterns
in curved geometries have been much less explored. Despite the complexity of
the particular physical problems, the basic dynamical features are often captured
by simple models of coupled oscillators. Here we present a theoretical and
experimental study of the spatial instabilities of circular ring of coupled pendula
parametrically driven by a vertical harmonic force. Normal oscillation modes
(breathing, dipole, quadrupole) and localized patterns of different types (breathers
and kinks) are predicted and observed. The analogy between the considered discrete
mechanical system and a gas bubble cavitating under the action of an acoustic field
is established. On the basis of this analogy, the oscillation patterns and localized
modes observed experimentally in acoustically driven bubbles are interpreted and
discussed.
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1 Introduction

The spatio-temporal dynamics of a gas bubble in a fluid under the action of an
external oscillating pressure field has been the subject of intense investigations
during the last decades [1]. An acoustically forced bubble experiences different
instabilities as the driving parameters (mainly the amplitude and the frequency of
the external field) are changed. One of such instabilities leads to the formation
of surface patterns, similar to the Faraday patterns observed in the free surface
of vertically vibrated fluids, by means of parametric excitation of subharmonic
modes [2,3]. Nonlinear patterns on the bubble surface have been however much less
explored. Only recently, the existence of localized soliton-type surface waves has
been theoretically considered [11]; their existence has been evidenced by different
experimental observations. An interesting extension is the bubble with an artificial
coating, so called ultrasound contrast agent (UCA), with current applications in
medical imaging and different therapies. Besides free gas bubbles or UCAs, there
exist many other systems, either natural or artificial, characterized by spherical
(or more generally curved) geometries, with typical sizes ranging from micro to
macro scale, which show evidences of complex spatio-temporal dynamics under
external forcing [4]. Some problems of interest in this category are for example the
vibrational modes of small liquid droplets or spherical molecules, or the buckling
and rupture of UCAs.

We present here an experimental and numerical study of spatiotemporal dynam-
ics in a parametrically driven system presenting a curved geometry. The system
is a ring-shaped chain of coupled oscillators subjected to a vertical harmonic
acceleration. The theoretical model is the well known Frenkel-Kontorova lattice (a
discrete version of the sine-Gordon equation) with damping and parametric driving.
A practical implementation of this chain (but in a straight configuration) was
proposed in [5], where the existence of kinks was demonstrated. Later, the analysis
was extended [6] to show the existence of breathers in this chain. Such a system,
with the appropriate modifications, allows to investigate fundamental aspects not
studied before, such as the effect of curvature in the existence and stability of the
different localized solutions. Here we propose that a ring-type configuration of the
linear 1D chain can be used as a toy model of acoustically driven UCA and related
systems. We also investigate the effect of defects in the chain: nucleation of solitons,
enhancement of stability. Thus, the aim of this work is twofold. On one hand,
to study parametric instability leading to pattern formation and localized patterns
(breathers and kinks) in a chain of coupled oscillators with circular symmetry
(a ring) and, on the other hand, to show some formal analogies between this
system and a spherical pulsating bubble. Our study could be useful to understand
and predict localized solutions in bubbles, as certain localized modes observed
experimentally [7], and to determine the optimal conditions for the excitation of
particular patterns.
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2 The Ring of Coupled Pendula

2.1 The Model

A driven-damped chain of coupled oscillators, despite its simplicity, is known
to present a very rich dynamics, and is often used as a toy model to describe
the behavior of other physical systems or processes, such as ladder networks of
discrete Josephson junctions, charge-density wave-conductors, crystal dislocation
in metals, DNA dynamics, and many others, see e.g. [8]. Most of these systems are
well described by a straight chain. When disposed in the form of a circular ring,
connecting first and last masses as we propose in this work, the chain forms the
equivalent of a 2D bubble, and for small radius and/or large amplitudes the effect
of curvature becomes non negligible. However, in the theoretical description below
we will ignore for simplicity the curvature effects.

Let’s consider a monoatomic pendulum lattice, formed by equal masses linearly
coupled to their nearest neighbors. The whole chain is subjected to vertical
oscillations (parametric driving) of amplitude A and angular frequency . The
motion on the n — th pendulum is described by its angle 6 with respect to the
vertical, which obeys the equation

mli@n + ylnén +ml, [g + 4407 cos(Za)t)] sin(6,) @))]

= k2 (41 = 26, + 0,-1) + ke [ G = 6)" = (6 = ,-1)°).

where [, is the length of the n — th pendulum, m its mass, k, and k4 are the
nearest coupling strengths of the harmonic and quartic interactions respectively,
y is the friction coefficient and g the gravity constant acceleration. We note (see
below) that the anharmonic coupling is included since it is related to the existence
of upper cutoff breathers which are actually observed in the experiments. In this
section, a homogeneous chain with identical elements is assumed, with [, = L,
but the effect of inhomogeneities will be considered later. After normalization,
the homogeneous chain can be written in the form of a driven-damped Frenkel-
Kontorova (FK) equation:

0y + BO, + [wg + ncos2wt)] sin(6,) 2)

= &3 Bt =20+ 01) + €[ B = 0 = (0 = 6,-)°

where n = 4w?A/L, wy = /g/L is the natural frequency of the uncoupled
system, B = y/ml and c;, c4 are the normalized damping and coupling terms,
respectively. As stated, Eq. (2) does not take into account the curvature effect which
are necessarily present in a ring geometry.
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The type of localized solutions studied here (breathers and kinks) appear as a
slow spatial modulation of the cutoff modes. In this case it is possible to derive
equations describing the evolution of the envelopes. Following [5, 6] we consider
solutions in the form

0,(t) = e(£1)" Y1 (z, x,) exp(—iwt) + c.c. 3)

where € is a smallness parameter and the positive (negative) sign describe modes
existing close to the lower (upper) band edges, also called phase-matched and phase-
mismatched modes respectively. Assuming the following scalings B, 7, (w? —wi) ~
0(€?), T = €%t, x, = ena, it follows that the amplitude of the envelope obeys the
parametrically driven-damped nonlinear Schroedinger equation,

U sy + gwi eV YL @

where wy = {wy, /w2 + 4¢3} and y+ = {®3/2,w3/2 — 96¢3}. Equation (4) has
been derived for a variety of system in different disciplines (e.g. Faraday waves in
vibrated fluid or granular layers, or pulses in optical fibers), differing only in the
coefficients. Interestingly, it has been also derived in [11] to describe the azimuthal
envelope of equatorial surface mode in bubbles. Thus, the ring of pendula is suitable
for studying these solution which are characteristic of real bubbles. This and other
analogies will be discussed also in Sect. 5.

2.2 Experimental Setup

The setup follows basically that proposed in [5], except for the circular geometry.
The chain is formed by N spheres of mass m, suspended on a ring-shaped support
of radius R by strings forming a “V” with vertical length L, Fig. 1. The coupling
is obtained by overlapping the strings and fixing the crossing point with a knot at
a distance d from the support. The whole system lies on a flat surface attached to
a loudspeaker which provides the parametric driving. The images are taken with a
camera located 1 m above the ring. For quantitative measurements of the amplitudes,
optical correction was applied.

The linear (phonon) dispersion relation of the chain is bounded: it presents
a lower cutoff frequency w; = /g/L and an upper cutoff frequency w, =
v &/(L —d), which corresponds to the natural frequency of pendula oscillating
either from the rigid support or from the knot, respectively. The dispersion relation
can be obtained in the form

(&) = 15 [r-neor (32)]. s
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Fig. 1 Experimental setup: (a) side view (b) top view (c) photograph of the setup
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Fig. 2 Experimental eigenmodes (open circles) located on the theoretical dispersion curve. Black
circles correspond to numerical results

where n = d/L € [0, 1] measures the strength of the coupling and #» is the mode
index number.

For the setup shown in Fig. 1 and used in our experiments, the parameters of
the chain where N = 39 on the system shown on Fig. 1, m = 5g, L = 10cm,
d = 3cm,a = 5cm, R = 33 cm (we note that the distances have a small variability
along the chain, thus the experimental system is weakly inhomogeneous). For this
set of parameters, the edges of the dispersion relation or cutoff frequencies, Eq. (5),
occur at the frequencies f = 3.11Hz and f = 3.63 Hz respectively (Fig. 2).

Because of the boundary conditions, in our closed system only even number of
the mode index n are allowed. In Fig.3 we show the first six eigenmodes excited
in the system with increasing frequencies (see caption). The frequencies at which
the different modes appear in the experiment follow the dispersion relation (5) with
accuracy.
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Fig. 3 Eigenmodes observed versus frequency of the parametric excitations: (a) 3.10 Hz, (b)
3.13Hz, (¢) 3.16 Hz, (d) 3.18 Hz, (e) 3.21 Hz, (f) 3.23 Hz

3 Localized Excitations

Driving the chain at frequencies slightly above or below the edges of the dispersion
relation or phonon band, one can excite different types on localized modes in the
chain. In this section we report the existence of four types of localized modes in the
experimental ring chain described before. In a 1D linear (straight) chain, the motion
of each oscillator is symmetric with respect to the angle [5]. For low amplitude
oscillations, i.e. for linear modes, this is still a valid assumption for the ring-shaped
chain. However, due to the curved geometry, this symmetry no more holds. The
maximum amplitude is different in compression (motion towards the center of the
ring) and expansion phases. Also the distance between neighbor oscillators shows
such asymmetry, being larger for the expansion phase. This occurs because the
masses approach or repel depending on the direction of motion. This effect is also
observed in 3D (spherical) gas bubbles driven at large amplitude. In the following,
we will ignore this effect. Note that the solutions given by Eq. (2) will not take into
account this asymmetry, since curvature effects are not included there.

3.1 Lower Cutoff Modes

The NLS equation given by Eq. (4), predicts the existence of breathers at frequencies
slightly below the lower cutoff. In Fig. 4, we show such localized solution, obtained
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a _ b

Fig. 4 Single breather as a example of localized solution (a): Maximum expansion phase; (b):
Maximum compression phase; (¢): Substraction between frames (a) and (b). Movie available at
http://goo.gl/IK7R]

a b c

Fig. 5 A bound state of two breathers, at the same parameters as in Fig. 4. Movie available at
http://goo.gl/nbPRP

by hitting a few oscillators when the chain is driven at f = 3.03 Hz. As in most of
the paper, Fig. 4a, b show the chain distribution at the instant of maximum positive
and negative peak amplitudes (expansion and compression phases, respectively),
while figure (c) is the difference between both images, evidencing the breathing
motion. Note the asymmetry between phases, as discussed above.

With the same parameters, one can easily excite also multiple-breather states.
In Fig. 5 we show a bound state of two breathers, oscillating with opposite phases.
Comparing with the single breather in Fig. 4, the bounded state presents distinctive
features: the width of the individual breathers is smaller, their profiles (particularly
in the compression phase) are smoothed, and the asymmetry in compression-
expansion phases is enhanced.

We have also observed lower cutoff kinks, as those shown in Fig. 6. The kinks
appear in pairs, and separate domains where a group of pendula oscillate with a
given phase, shifted by = with respect to the neighbor domain. Differently from
the nodes in the eigenmodes shown in Fig. 3, the distance between kinks (and the
size of the domains) is arbitrary, and not fixed by the boundary conditions. We note
that continuous theories based on NLS equations does not predict the existence of
such lower cutoff kinks, even considering anharmonic coupling terms. This issue
should be thus investigated further. Interestingly, kinks have still not been predicted
to occur in gas bubbles.
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Fig. 6 Lower cutoff kink, obtained for a frequency f = 3.08 Hz

a b [

Fig. 7 Upper cutoff breather at f = 4.0 Hz. Movie available at http://goo.gl/h3Se5

These low frequency modes are more likely to be related to those observed in
real gas bubbles, since oscillation of neighbor particles occurs in phase (as is always
the case in a continuous system).

3.2 Upper Cutoff Modes

Both breathers and kinks exist for the chain at frequencies above the gap. This
solutions do not find an equivalent in real bubbles (neighbor particles oscillate in
anti-phase).

A remarkable fact is that the description of chain behavior as envelope wave
solutions of the NLS equation [6] predicts that breather and kinks can not exist
simultaneously in a given chain (they have incompatible existence domains). This is
supported by the experimental observation in straight chains reported previously [9].
However, we have observed both structures (see figures) in our chain. This is another
indication that the dynamics of our chain is not adequately described by continuous
models of NLS type, and one must consider discreteness or curvature effects, which
may enhance the stability domains. Also, the existence of weak randomness in
the chain parameters may affect the stability of these structures. Both upper cutoff
breathers and kinks are shown in Figs. 7 and 8 respectively.
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a b c

Fig. 8 Upper cutoff kink excited at f = 4.1 Hz. Movie available at http://goo.gl/hEOvy
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Fig. 9 (a) The ring chain with a point defect. (b) Time evolution of the breather amplitude, for
different defect lengths

4 Defect-Induced Localization

The numerical study reveals that, in a perfectly homogeneous chain, localized
solutions are difficult to excite, being very sensitive to the shape and amplitude
of the initial condition. However, experimentally they appear much more easily,
sometimes being enough to hit one oscillator to excite a breather or kink. Our
experimental chain is far from ideal. There are no exactly equal oscillators, differing
in the length, position of coupling knot, distance to the neighbors, etc. However
it shows all the plethora of localized solutions described above, and predicted for
the homogeneous chain. We have explored numerically the effect of two types of
inhomogeneities in the chain: a localized defect (e.g. one pendulum with a length
slightly different than the rest, Fig.8a) and a random distribution of structural
parameters. The effect of a single defect was discussed in [10], in the context of
breather stabilization against space-time chaotic states. Applying a similar analysis
to our ring chain, we observe and increase in the stabilization, according to our
experimental observations. It occurs at particular values of the length of the defect:
there exist an optimal length, at which the time of development of the breather is
minimized, as shown in Fig. 8b). We also note that breathers tend to be localized at
the defect position, a fact reported previously in the literature (Fig. 9).
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5 Analogy with Gas Bubbles in an Ultrasound Field

The presented results about driven discrete chains in a ring configuration can be
related to different observations reported for real gas bubbles driven by ultrasound
fields, owing to the existing analogies between both systems. Here we review some
basic results and subsequently highlight some of these analogies.

The literature on bubble dynamics is broad, since the problem has been investi-
gated over the course of a century, starting from the seminal works of Rayleigh in
1912. Most of the efforts were devoted to describe the radial motion of a bubble
under the action of an external pressure field, which is well described by the
Rayleigh-Plesset equation for the time dependent radius R(t)

R

. 3. 20
,o(RR+§R2) = By = Py~ P4l — S —4u, (©)

with p the density of the surrounding fluid, P, = ( Py + %) ( % )3;/’ the gas
pressure inside the bubble, Py is the hydrostatic pressure, Ry is the equilibrium
radius of the bubble, P4 the acoustic pressure, o the surface tension of the bubble,
M the dynamic viscosity and y the polytropic exponent.

Since acoustic vibrations are typically small in amplitude, one can often linearize
the equations to get a simplified description. The radial vibration of a gas bubble in
a fluid is well modeled as a simple harmonic oscillator whose stiffness and mass
parameters relate to the properties of the gas and fluid. It is well known that the
resonant frequency of the radial mode, known as the Minnaert frequency, is given

by
1 3/([)0
= —_— 7
Jo ZJTR()” Py (7N

For a microscopic bubble in water at standard pressure, this equation reduces
to foRo = 3.26m/s. Note that a similar scaling relation roughly holds for our
macroscopic bubble.

The analysis of surface modes in bubbles implies also the angular dependence,
and becomes more complex. Two different theoretical approaches have been used.
One consists in assuming that the radius can be expanded in terms of spherical
harmonics, as

r(6,6,9) = R@) +Y_ai(0)Yi(0,9). ®)

n=0

When |a,| < R linearization leads to the following set of equations

G + Ynly + @2a, =0 )
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where y, and w, are the damping and pulsation frequency of the different surface
modes. In the stationary case R(¢) — Ry they are given by

_ 2(n+2@2n+Dpu

L 10

2 _ =)0 +De (10)
wn - PR3

Similar equations can be obtained, with different coefficients, for the macro-
scopic ring of pendula.

A different approach, which does not require linearization, has been followed in
[11]. Starting from the Hamiltonian of the fluid system and using a multiple-scales
expansion, an amplitude equation for the envelopes was derived.

Consider a solution in the form

r(t,0,9) = Ry + (%p(@, e ' 4 c.c.) cos(ng) (11)

then, it is shown that the amplitude obeys the equation

. ap _ 282/) . * 2
2iw—— = Ap+c o +2iwdp + o +aplp|”. (12)
ot ax

where x = cos(f) and

A= (wlz—wz)—l—wlz(%—i-%)
2 _ 3o}

2
— 17 2(n
&= (RO)

where w? = (n — 1)(n + 1)(n + 2)0/(pR3) and B and § are parametric driving and
losses introduced phenomenologically. This equation is structurally similar to the
equation obtained for the chain of pendula, Eq. (4), but with different coefficients.
The study predicts the existence of localized patterns on the bubble wall, as shown
in[11], similar to those reported here for the macroscopic bubble pendula.

6 Conclusions

The spatio-temporal dynamics of a parametrically driven array of coupled oscil-
lators forming a closed line or ring has been investigated. We demonstrate exper-
imentally the existence of four types of localized solutions, in the form of kinks
and breathers. These structures show particular features related to the asymmetry
introduced by the curvature of the system. The effect of inhomogeneities in the chain
is also discussed. This macroscopic system shows similarities with the acoustically
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driven gas bubble, where the parametric driving is exerted by a harmonic ultrasound
field. We compared here both systems to show possible relations between the
localized patterns that can be used novel features in gas bubble dynamics (e.g., the
existence of kinks). However, formal techniques as the Similarity Analysis (SA) can
be used to explore quantitatively the limits of this analogies. Work in this direction
is in progress.
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