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Slow Sound and Critical Coupling
to Design Deep Subwavelength

Acoustic Metamaterials for Perfect
Absorption and Efficient Diffusion

The control of both the absorption and the diffusion of sound constitutes two

prominent research lines in audible acoustics. The acoustic absorbers and diffusers

developed up to now are efficient in the high frequency range with sizes comparable

to the wavelength of the working frequency. On the contrary, in the low frequency

regime, huge dimensions leading to oversized treatments and high manufacture costs

arise. In this chapter, we discuss acoustic metamaterials showing efficient absorption

and diffusion at low frequencies with a deep subwavelength size. On the one hand,

by exploiting the slow sound effect, the resonance frequencies of the system can be

shifted down to the low frequency range and the phase shift of the reflection

coefficient can be perfectly tuned. On the other hand, the critical coupling conditions

are introduced to achieve a perfect impedance matching allowing perfect absorption

conditions. We will show in detail both an ultra-thin absorber and ultra-thin diffusers

working in the low frequency regime.

3.1. Introduction

Acoustics metamaterials have recently revolutionized the field of acoustics and

mechanics due to their extraordinary functionalities giving rise to breakthroughs in

the material design strategy. Common wall treatments are made of flat panels with

poor efficiency at low frequencies to attenuate, absorb or diffuse acoustic waves.
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In order to be efficient at low frequencies, we have to solve a complex problem:

reducing the geometric dimensions of the structure while increasing the density of

states at low frequencies and finding the good conditions to match or tune the

acoustic impedance.

Acoustic metamaterials have been proposed as a successful approach for

increasing the density of states at low frequencies with reduced dimensions.

Recently, several possibilities based on these systems have been used to design sound

absorbing structures or efficient diffusers which can simultaneously present

subwavelength dimensions and very good efficiency. On the one hand, the design of

subwavelength structures can be achieved by using different strategies. One of them

consists of using space-coiling structures [CAI 14, LI 16]. Another way is to use

subwavelength resonators as membranes [YAN 08, MEI 12] or Helmholtz resonators

(HRs) [MER 15, ACH 16]. Recently, a new type of subwavelength metamaterial

based on the concept of slow sound propagation has been used for the same purpose

[GRO 15, GRO 16]. This last type of metamaterial makes use of its strong dispersion

for generating slow sound conditions inside the material [THE 14] and, therefore,

drastically decreasing working frequency. Hence, the structure thickness becomes

deeply subwavelength. On the other hand, the impedance matching of such open,

lossy and resonant structures can be achieved by the well-known critical coupling

condition [ROM 16b, JIM 17b, JIM 18, BLI 08]. These open systems, at the resonant

frequency, are characterized by both the leakage rate of energy (i.e. the coupling of

the resonant elements with the propagating medium) and the intrinsic losses of the

resonator. The balance between the leakage and the losses activates the condition of

critical coupling, trapping the energy around the resonant elements and generating a

maximum of energy absorption. In the case of transmission systems, degenerate

critically coupled resonators with symmetric and antisymmetric resonances should

be used to perfectly absorb the incoming energy by trapping the energy in the

resonant element, i.e. without reflection or transmission [PIP 14, YAN 15]. In the

case of a purely reflecting system, either symmetric or antisymmetric resonances that

are critically coupled can be used to obtain perfect absorption of energy by a perfect

trapping of energy around the resonators [MA 14, ROM 16a].

In this chapter, we discuss two types of acoustic metamaterial, both based on slow

sound and critical coupling conditions, showing efficient absorption

[JIM 16a, JIM 17d, JIM 17c] and diffusion [JIM 17a] at low frequencies with a deep

subwavelength size. In both cases, the system will consist of a 2D flat panel

composed of a periodic distribution of slits loaded by a finite array of HR. By

exploiting the slow sound effect, the resonance frequencies of the system can be

shifted down to the low frequency range and the phase shift of the reflection

coefficient can be perfectly tuned. On the contrary, the critical coupling conditions

are introduced to achieve a perfect impedance matching allowing perfect absorption

conditions. We will show in detail both an ultra-thin absorber and ultra-thin diffusers

both working in the low frequency regime.
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3.2. Building block of the acoustic metamaterial: finite slit loaded with
Helmholtz resonators

We consider a 2D flat panel composed of a periodic distribution of slits of width

h separated a distance d and distributed in the x1 direction as shown in Figure 3.1(a).

Each slit is loaded by a finite array of M Helmholtz resonators (HRs) separated with

lattice constant (distance between HRs) a. The HRs considered in this work can be

either 2D (Figure 3.1(b)), made of a combination of slits with a squared cross-sectional

neck and a cavity with length and width dimensions ln and wn, lc and wc respectively;

or 3D (Figure 3.1(c)), made of square cross-sectional tubes, with neck and cavity

widths wn and wc, and lengths ln and lc respectively. The system made by the slit

with the loaded HRs (Figure 3.1(d)) is considered as the building block of the acoustic

metamaterial described in this chapter.
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Figure 3.1. (a) Conceptual view of the thin panel placed on a rigid wall with three
layers of 2D Helmholtz resonators. (b) and (c) Conceptual views of 2D and 3D HRs
respectively. (d) Scheme of the unit cell of the panel composed of a set of N Helmholtz
resonators. Symmetry boundary conditions are applied at boundaries Γx1=d and Γx1=0
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3.2.1. Theoretical modeling: transfer-matrix method

The transfer matrix is used to relate the sound pressures and normal acoustic

particle velocities at the beginning and at the end of each unit cell. The transfer

matrix of the n-th unit cell, Tn, of length L, extending from x2 = 0 to x2 = L is

written as

[
Pn

V n

]
y=0

= Tn

[
Pn

V n

]
y=L

=

[
Tn
11 Tn

12

Tn
21 Tn

22

] [
Pn

V n

]
y=L

. [3.1]

For an identical set of M resonators, the transfer matrix Tn is written as

Tn =

[
Tn
11 Tn

12

Tn
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22

]
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sM
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s )
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.

Here, the transfer matrix for each lattice step in the n-th slit, Mn
s , is written as
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where the slit characteristic impedance is written as Zn
s =

√
κn
s ρ

n
s /S

n
s and Sn

s is equal

to hn in the 2D HRs and equal to hn a in the 3D HRs. The resonators are introduced

as punctual scatters by a transfer matrix Mn
HR as

Mn
HR =

[
1 0

1/Zn
HR 1

]
, [3.3]

and the radiation correction of the n-th slit to the free space as

Mn
Δlslit

=

[
1 Zn

Δlslit
0 1

]
, [3.4]

with the characteristic radiation impedance of the n-th slit Zn
Δlslit

= −iωΔlnslit
ρ0/φ

n
t S0, where S0 is equal to d for 2D and equal to d a for 3D, ρ0 is the air density

and Δlnslit is the proper end correction that will be described later.



Slow Sound and Critical Coupling to Design Deep Subwavelength Acoustic Metamaterials 51

The reflection coefficient of the rigidly backed slit can be directly calculated from

the elements of the matrix Tn as

Rn =
Tn
11 − Z0T

n
21

Tn
11 + Z0Tn

21

. [3.5]

with Z0 = ρ0c0/S0, and finally the absorption as αn = 1− |Rn|2.

Finally, the effective parameters of each slit can be obtained from the transfer-

matrix elements as follows:

kneff =
1

L
cos−1

(
Tn
11 + Tn

22

2

)
, Zn

eff =

√
Tn
12

Tn
21

. [3.6]

In the case of different HRs, the total transfer matrix of the whole system can be

obtained by the product of the transfer matrices of each layer of the material. Thus,

the total transfer-matrix method of the system is given by

Tn =

[
Tn
11 Tn

12

Tn
21 Tn

22

]
= Mn

Δlslit

M∏
m=1

(Mn
sM

n,m
HR Mn

s ) .

where the matrix Mn,m
HR is calculated for each m resonator in each n slit.

3.2.1.1. Viscothermal losses model

The viscothermal losses in the system are considered in both the HRs and in the

slits by using its effective complex and frequency-dependent parameters. Considering

that only plane waves propagate inside the metamaterial, the effective parameters of

the ducts that conform 2D resonators and the slits of width w are given by [STI 91]:

ρeff = ρ0

[
1− tanh

(
w
2 Gρ

)
w
2 Gρ

]−1

, [3.7]

κeff = κ0

[
1 + (γ − 1)

tanh
(
w
2 Gκ

)
w
2 Gκ

]−1

, [3.8]

with Gρ =
√

iωρ0/η and Gκ =
√
iωPrρ0/η, and where γ is the specific heat ratio

of air, P0 is the atmospheric pressure, Pr is the Prandtl number, η is the dynamic

viscosity, ρ0 is the air density and κ0 = γP0 is the air bulk modulus. The effective

parameters of the n-th main slit, ρns and κn
s , are obtained by setting w = hn in

equations [3.7–3.8]. The viscothermal losses inside the two-dimensional resonators

neck and cavity are modeled in the same way by these effective parameters, ρn,mn ,
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κn,m
n and ρn,mc , κn,m

c respectively, by setting w = wn,m
n and w = wn,m

c for the m-th

resonator located at the n-th slit.

In the case of 3D HRs, the propagation in a rectangular cross-sectional tube can

be described by its complex and frequency-dependent density and bulk modulus, and

considering that plane waves propagate inside can be expressed as [STI 91]:

ρt = − ρ0a
2b2

4G2
ρ

∑
k∈N

∑
m∈N

[
α2
kβ

2
mα2

k + β2
m −G2

ρ

]−1 , [3.9]
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4(γ−1)G2

κ

a2b2

∑
k∈N

∑
m∈N

[α2
kβ

2
mα2

k + β2
m −G2

κ]
−1

, [3.10]

with the constants αk = 2(k+1/2)π/a and βm = 2(m+1/2)π/b, and the dimensions

of the duct a and b being either the neck, a = b = wn or the cavity, a = b = wc of the

HRs.

3.2.1.2. Resonator impedance and end corrections

Using the effective parameters for the neck and cavity elements given by

equations [3.7–3.8], the impedance of a Helmholtz resonator, including a length

correction due to the radiation can be written as [THE 14]:

Zn,m
HR = −ı

cncc − ZnknΔlcnsc/Zc − Znsnsc/Zc

sncc/Zn − knΔlsnsc/Zc + cnsc/Zc
, [3.11]

where cn = cos(knln), cc = cos(kclc), sn = sin(knln), sc = sin(kclc) in which note

superscripts were omitted for the sake of simplicity. ln,mn and ln,mc are the neck and

cavity lengths, kn,mn and kn,mc are the effective wavenumbers, Zn,m
n and Zn,m

c are the

effective characteristic impedance in the neck and cavities respectively, and Δln,m

is the correction length for the HRs. These correction lengths are deduced from the

addition of two correction lengths Δln,m = Δln,m1 +Δln,m2 as

Δln,m1 = 0.41

[
1− 1.35

wn,m
n

wn,m
c

+ 0.31

(
wn,m

n

wn,m
c
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The first length correction, Δln,m1 , is due to pressure radiation at the discontinuity

from the neck duct to the cavity of the Helmholtz resonator [KER 87], while the

second correction, Δln,m2 , comes from the radiation at the discontinuity from

the neck to the principal waveguide [DUB 99]. This correction only depends on the

radius of the waveguides, so it becomes important when the duct length is

comparable to the radius, i.e. for small neck lengths and for frequencies where

kn,mn wn,m
n � 1.

Another important end correction comes from the radiation from the slits to the

free air. The radiation correction for a periodic distribution of slits can be expressed

as [MEC 08]:

Δlnslit = hnσn
∞∑

n=1

sin2 (nπσn)

(nπσn)3
. [3.14]

with σn = hn/d. Note for 0.1 ≤ σn ≤ 0.7, this expression reduces to Δlnslit ≈
−√

2 ln [sinπσn/2] /π.
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Figure 3.2. (a) and (b) Real and imaginary parts of the dispersion relation calculated by
the TMM for a metamaterial with parameters h = 1.2 mm, a = 1.2 cm, wn = a/6, wc =
a/2, d = 7 cm, ln = d/3 and lc = d−h−ln. Blue lines represent the lossless case, while
red lines represent the lossy case. Black dotted lines represent the dispersion relation
of the main slit without HRs. (c) Phase speed calculated by TMM for the lossless case
(blue) and including thermo-viscous losses (red). For a color version of this figure, see
www.iste.co.uk/romero/metamaterials.zip
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3.2.2. Infinite main slit: dispersion relation and slow sound effect

We first consider the dispersion properties inside the unit cell. In order to do that

we consider a unit cell made of an infinite number of resonators with periodicity a. In

this case, by applying periodic boundary conditions in a single periodicity of the unit

cell, we can evaluate the dispersion relation inside the main slit with the presence of

the resonators. Figure 3.2(a) and (b) show the real and imaginary parts of the

dispersion relation calculated by the TMM for both the lossless and lossy cases. The

first feature of this dispersion relation is that a bandgap can be observed above the

resonant frequency of the HRs, fHR. Below the resonance frequency of the HRs, a

dispersive band is observed and the wavenumber is increased with respect to the

wavenumber in air. Note also that the maximum wavenumber inside the slit is limited

by the discreteness to the value kmax = πN/L, as shown by the TMM calculations

(dashed blue curve in Figure 3.2(b)). Interestingly, the imaginary part of this

dispersion relation in the lossy case becomes important around the resonance

frequency even in the case where the real part of the dispersion relation is not in the

bandgap. However, the losses are less important when we are far from the resonant

frequency of the HRs, fHR.

Figure 3.2(c) shows the real part of the phase velocity in the slit, calculated both in

the lossless and lossy cases. In this regime, slow sound conditions are produced due

to the strong dispersion introduced by the resonators. In the lossless case, zero phase

velocity can be observed for frequencies just below fHR. In the lossy case, the losses

limit the minimum value of the group velocity [THE 14]; however, in our system, slow

sound velocity can be achieved in the dispersive band below fHR. The average sound

speed in the low frequency range is much lower (50 m/s) than the speed of sound in

air (black dotted line in the main slit).

3.2.3. Finite slits

In reality, the unit cells used in the analyzed acoustic metamaterials will be of finite

size, therefore, in general we will use the scattering matrix of the unit cells in order to

study the scattering properties of the system. In particular, in the problems analyzed in

this chapter, i.e. in the reflection problems, the reflection coefficient which represents

the scattering coefficient of the system is of particular interest. In this section, we

show the different possibilities for tuning this reflection coefficient with finite unit

cells.
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3.2.3.1. Managing the amplitude of the reflection coefficient: critical coupling
condition

In the complex frequency plane, the reflection coefficient has pairs of zeros and

poles that are complex conjugates one from another in the lossless case. In the

exp(−ıωt) sign convention, the zeros are located in the positive imaginary plane.

The imaginary part of the complex frequency of the poles of the reflection coefficient

represents the energy leakage of the system into the free space [ROM 16a]. Once the

intrinsic losses are introduced in the system, the zeros of the reflection coefficient

move downwards to the real frequency axis [ROM 16b]. For a given frequency, if the

intrinsic losses perfectly balance the energy leakage of the system, a zero of the

reflection coefficient is exactly located on the real frequency axis and therefore

perfect absorption, α = 1 − |R|2 = 1, can be obtained. This condition is known as

the critical coupling [ROM 16a, ROM 16b, BLI 08, PIP 14, YAN 15, MA 14].
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Figure 3.3. (a) Absorption of a panel made of N = 3 resonators calculated by the
TMM. The dashed-dotted line marks the resonant frequency of the HRs. (b) Complex
frequency planes of the reflection coefficient calculated by TMM where fr and fi are
the real and imaginary parts of the complex frequency respectively. For a color version
of this figure, see www.iste.co.uk/romero/metamaterials.zip

Figure 3.3(a) shows the absorption predicted by the TMM when the geometry of

the system has been tuned to introduce the exact amount of intrinsic losses that exactly

compensates the energy leakage of the system at 275 Hz for N = 3. In this situation,

as shown in Figure 3.3(b), the lower frequency zero is located on the real axis, leading

to a peak of perfect absorption. In addition, as we have N = 3 resonators, two other

secondary peaks of absorption are observed at higher frequencies, for example 442 Hz

and 471 Hz. Their corresponding zeros are located close to the real axis and, although

the critical coupling condition is not exactly fulfilled, high absorption values can be

observed at these frequencies. By using these concepts of slow sound and critical

coupling, we theoretically and experimentally show in section 3.3 the possibilities of

an acoustic metamaterial panel with deep subwavelength thickness for perfect and

omnidirectional absorption.
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3.2.3.2. Managing the phase of the reflection coefficient

Figure 3.4(a) shows the dispersion relations inside two different slits, n = 1 and

n = 2, obtained by using HRs with the geometrical parameters listed in Table 3.2. Far

from the resonance frequency, at the frequency marked by the symbols in Figure 3.4(a)

and (b), the effect of losses is negligible as seen in the previous section 3.2.2. If now

we consider a finite slit made of M = 2 resonators, due to the different slow sound

velocity in the different slit, the phase of the reflection coefficient of each slit can

be easily tuned by modifying the properties of the HRs. The phase of the reflection

coefficient produced by each finite slit is shown in Figure 3.4(c). We can see that for

some frequencies, the phase of the reflection coefficient of both slits (blue and red

lines) is strongly modified when compared to the reflection phase of a slit without

HRs (dashed line). At 2 kHz, the first slit (red curve) reacts inverting the phase of

the incoming wave, while for the second slit (blue curve), this occurs at 3.2 kHz.
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In this way, by tuning the geometry of the unit cell, a specific phase profile can be

tailored, while the total thickness of the panel can be greatly reduced when compared

with a quarter wavelength resonator of length L. By using these features, we will

show in section 3.4 that the phase profile of Schroeder diffusers can be mimicked by

a subwavelength metadiffuser in a given frequency band. Therefore, by tuning the

geometry of a metadiffuser, we can maximize sound diffusion in a broad frequency

band for room acoustics applications using a deep subwavelength panel.

3.3. Ultra-thin acoustic metamaterial absorbers

3.3.1. Monochromatic frequency absorber

In section 3.2.3.1, the critical coupling conditions have been used to design a

perfect absorber for a thickness of L = 3a = λ/34.5. In this section, we will go

further and, by using an optimization method (sequential quadratic programming

(SQP) method [POW 78]), the geometry of the system will be tuned in order to

minimize the thickness of the material, providing structures with perfect absorption

and deep subwavelength dimensions.

The TMM was used in the optimization to consider the discreteness effects on

the reflection coefficient. The resulting structure from the optimization procedure is

shown in Figure 3.5(a): a sample with a single layer of resonators, N = 1 with

h = 2.63 mm, d = 14.9 cm, a = L = d/13 = 1.1 cm, wn = 2.25 mm, wc = 4.98
mm, ln = 2.31 cm and lc = 12.33 cm. The width of the impedance tube used for

measurements, d, makes it possible to fit 13 resonators in the transversal dimension as

shown Figure 3.5(a). The sample was built using stereolithography techniques using

a photosensitive epoxy polymer (Accura 60®, 3D Systems Corporation, Rock Hill,

SC 29730, USA), where the acoustic properties of the solid phase are ρ0 = 1210
kg/m3, c0 = [1570, 1690] m/s. The structure presents a peak of perfect absorption

at f = 338.5 Hz (different from that of the HR, fHR = 370 Hz) with a thickness

L = λ/88.

Figure 3.5(b) shows the absorption coefficient at normal incidence calculated

with the TMM, predicted numerically by FEM and measured experimentally. At

f = 338.5 Hz, perfect absorption can be observed. The maximum absorption

measured experimentally was α = 0.97, as shown in the inset of Figure 3.5(b). This

small discrepancy between the measurements and the models can be caused by

experimental reasons including the non-perfect fitting of the slit on the impedance

tube and the excitation of plate modes of the solid medium that composes the

metamaterial.
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Figure 3.5. (a) Photograph of the experimental setup with a vertical unit cell,
N = 1, in the interior of the impedance tube. The translucent resin makes
it possible to see the array of HRs. Picture shows the tube open, but it was
closed for the experiments. (b) Absorption of the system measured experimentally
(crosses), calculated by the transfer-matrix method (continuous blue) and finite element
method (circles). (c) Representation of the reflection coefficient in the complex
frequency plane for the optimized sample. Each line shows the trajectory of its
zero by changing a geometry parameter. For a color version of this figure, see
www.iste.co.uk/romero/metamaterials.zip

On the contrary, Figure 3.5(c) shows the corresponding reflection coefficient in

the complex frequency plane. The color map corresponds to the case in which the

critical coupling condition is fulfilled, i.e. the zero of the reflection coefficient is

exactly located on the real frequency axis. As long as the intrinsic losses depend on

the geometry of the resonators and the thickness of the slits, we also represent in

Figure 3.5(c) the trajectory of this zero as the geometry of the system is modified.

The crossing of the trajectories with the real frequency axis implies that perfect

absorption can be achieved with this system at this particular frequency. It can be
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seen that the trajectories linked to the resonators’ geometry, wn, wc, ln have a strong

effect in the real part of the complex frequency of the zero, as they modify the HRs’

resonant frequency. In the case of ln, due to the geometric constraint d ≥ h+ ln + lc,

increasing the length of the neck also implies the reduction in the cavity and the

trajectory of the zero is twisted. The trajectory of the slit thickness, h, shows that the

intrinsic losses are excessively increased for very narrow slits and the critical

coupling condition cannot be fulfilled. For very wide slits, the geometrical constraints

also imply the reduction in the size of the resonators and therefore the resonant

frequency is increased. Finally, the trajectory linked to the lattice size, a, shows how

the depth of the slit, L = Na, is mainly linked to the intrinsic losses of the system:

the peak absorption frequency is almost independent of a, it mostly depends on the

resonator resonant frequency. Moreover, as the slow sound conditions are caused by

the local resonance of the HRs, the periodicity of the array of HRs is not a necessary

condition for these perfect absorbing panels. However, considering periodicity allows

us to design and tune the system using the present analytical methods.

Finally, Figure 3.6 shows the absorption of the metamaterial panel as a function of

the angle of incidence. It can be observed that almost perfect absorption is obtained for

a broad range of angles, being α > 0.90 for incident waves with θ < 60◦. The inset

of Figure 3.5 shows the absorption in diffuse field [COX 09] calculated as αdiff =

2
´ π/2
0

α(θ) cos(θ) sin(θ)dθ where, at the working frequency, it reaches a value of

αdiff = 0.93, showing the quasi-omnidirectional behavior of the absorption in this

subwavelength structure.
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(continuous blue). The inset shows the absorption
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3.3.2. Rainbow-trapping absorber

Perfect acoustic absorption has been reported in the previous section by means of

rigidly backed subwavelength structures by using slow sound and HRs. The interest

now is focused on developing perfect and broadband absorption. When the system is

not rigidly backed and transmission is allowed, obtaining perfect absorption becomes

challenging because the scattering matrix of the system presents two different

eigenvalues. In order to obtain perfect absorption, both eigenvalues must vanish at

the same frequency [MER 15]. This implies that symmetric and antisymmetric

modes must be simultaneously critically coupled at a given frequency [PIP 14].

When the eigenvalues are both zero but at different frequencies, then the system

cannot present perfect absorption, but quasi-perfect absorption can be achieved by

approaching the symmetric and antisymmetric modes using strong dispersion

[JIM 17d]. Perfect acoustic absorption in transmission problems can be obtained by

using degenerate resonators, exciting a monopolar and a dipolar mode at the same

frequency [YAN 15]. Using elastic membranes decorated with designed patterns of

rigid platelets [MEI 12], very selective low-frequency perfect absorption can be

observed. Another strategy consists of using asymmetric graded materials, e.g.

chirped layered porous structures [JIM 16b], but these structures’ lack of

subwavelength resonances and therefore their thickness is of the order of half of the

incoming wavelength. A final configuration to achieve perfect absorption in

transmission consists of breaking the symmetry of the structure by making use of

double-interacting resonators, after which perfect absorption was observed in

waveguides at a particular frequency [MER 15].

In this section, we address the problem of perfect and broadband acoustic

absorption using deep subwavelength structures in non-rigidly backed panels by

extending the results shown in the previous section. To do so, we design panels

composed of monopolar resonators with graded dimensions, namely

rainbow-trapping absorbers, as shown in Figure 3.7(a). The rainbow-trapping

phenomenon, i.e. the localization of energy due to a gradual reduction of the group

velocity in graded structures, has been observed in optics [TSA 07], acoustics

[ZHU 13, ROM 13] and elastodynamics [COL 16]. However, losses were not

accounted for and therefore absorption was not studied in these works. In the present

configuration, a set of graded HRs are used, allowing one to reduce, in addition to the

thickness of the panels, the dimension of the unit cell to the deep subwavelength

regime. In particular, the structures are composed of a rigid panel, of thickness L,

periodically perforated with series of identical waveguides of variable square

cross-section loaded by an array of N HRs of different dimensions, as shown in

Figure 3.7(a and b). Each waveguide is therefore divided into N segments of length

a[n], width h
[n]
1 and height h

[n]
3 . The HRs are located in the middle of each waveguide

section. The rainbow-trapping absorber (RTA) was composed of N = 9 HRs for the

experimental tests, as shown in Figure 3.7(b). The geometrical parameters of both
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structures were tuned using optimization methods (sequential quadratic programming

(SQP) [POW 78]). In the case of the rainbow-trapping absorber, the cost function

was εRTA =
´ fN
f1

|R−|2 + |T |2df , i.e. to maximize the absorption in a broad

frequency bandwidth, which was chosen from f1 = 300 to fN = 1000 Hz. In the

case of the RTA, the length of the panel was constrained to L = 11.3 cm, i.e. a panel

10 times thinner than the wavelength at 300 Hz. The geometrical parameters for the

RTA (N = 9), measured experimentally, corresponding to Figure 3.7(b), are listed in

Table 3.1. The total structure thickness is L =
∑

a[n] = 113 mm, and its height and

the width of the unit cell are d3 = 48.7 mm and d1 = 14.6 mm respectively.

The idea here is to create a frequency-cascade of bandgaps and critically coupled

resonators in order to generate a rainbow-trapping effect. The process is as follows:

first, we tune the deepest resonator (n = 1) in the waveguide to reduce the

transmission above a frequency f1; second, a second resonator with slightly higher

resonance frequency, f2, is placed in the preceding segment of the waveguide. The

geometry of this resonator and the section of the waveguide are tuned to impedance

match the system at this frequency. Therefore, the reflection vanishes and a peak of

perfect absorption is achieved in the same way as in the previous section. Note that

the latter HR also reduces the transmission at even higher frequencies. Thus the

process can be repeated by extending the waveguide with more segments, each one

with a tuned HR with a resonance frequency higher than the preceding one.

Following this process, a rainbow-trapping absorber is designed using N = 9
resonators. Due to machine precision of the available 3D printing system (the

minimum step was 0.1 mm), the optimal RTA cannot be accurately manufactured.

The main limitation is related to the loss of accuracy of the diameters of the small

necks that compose the HRs. Under this technological constraint, we design an RTA

using N = 9 HRs and quantizing the dimensions of all the geometrical elements that

compose the structure to the machine precision. The manufactured sample is shown

in Figure 3.7(b) and the quantized geometrical parameters are listed in Table 3.1.

Figure 3.7(c–d) show the absorption, reflection and transmission of the device

calculated with the TMM, FEM and measured experimentally. Note that both

reflection and transmission coefficients are plotted in terms of amplitude and not in

terms of energy in order to emphasize the fact that the transmission does not vanish

apart from the perfect absorption frequency band. The deepest resonator (n = 1)
presents a resonance frequency of f1 = fgap = 259 Hz, causing the transmission to

drop. A set of nine resonators were tuned following the process previously described,

with increasing resonance frequencies ranging from 330 to 917 Hz. As a result of the

frequency-cascade process, the impedance of the structure in the working frequency

range is matched with the exterior medium while the transmission vanishes. As a

result, the RTA presents a flat and quasi-perfect absorption coefficient in this

frequency range (see Figure 3.7(c)). Excellent agreement is found between the TMM
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predictions and FEM simulations, while good agreement is observed between the

experimental measurements and both models. It can be observed that at low

frequencies, there are small differences between the measurements and the models.

These disagreements are mainly caused by imperfections in the sample

manufacturing, by imperfect fitting of the structure to the impedance tube, by the

possible evanescent coupling between adjacent waveguides and adjacent HRs, and/or

by the limitations of the viscothermal model used at the joints between waveguide

sections.
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Figure 3.7. (a) Conceptual view of a rainbow-trapping absorber (RTA) with N =
8 HRs. Scheme showing the geometrical variables for RTA. (b) Photograph of
the sample containing 10 × 3 unit cells. (c) Absorption obtained by using the
TMM (continuous line), FEM simulations (circles) and measured experimentally
(dotted line). (d) Corresponding reflection (red curves) and transmission (blue
curves) coefficients in amplitude. For a color version of this figure, see
www.iste.co.uk/romero/metamaterials.zip
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n a[n] (mm) h
[n]
3 (mm) h

[n]
1 (mm) l

[n]
n (mm) l

[n]
c (mm) w

[n]
n (mm) w

[n]
c,1 (mm) w

[n]
c,2 (mm)

9 7.9 25.6 14.0 1.1 21.4 1.2 14.0 7.2

8 9.5 24.2 14.0 1.0 22.8 1.2 14.0 9.0

7 11.0 22.8 14.0 1.7 23.6 1.4 14.0 10.6

6 12.6 21.6 14.0 0.7 25.9 1.0 14.0 12.0

5 14.1 20.2 14.0 1.5 26.5 1.2 14.0 13.6

4 15.7 18.8 14.0 1.1 28.3 1.0 14.0 15.2

3 17.3 17.4 14.0 1.6 29.2 1.0 14.0 16.8

2 18.8 16.0 14.0 1.1 31.2 0.8 14.0 18.4

1 6.4 1.0 1.0 3.0 44.7 0.6 14.0 5.6

Table 3.1. Geometrical parameters for the RTA (N = 9).
Table reproduced from [JIM 17c]

3.4. Metadiffusers

The far-field polar pressure distribution can characterize the performance of a

diffuser. For a finite panel of side 2b, the far-field polar pressure distribution, ps(θ),
of a locally reacting reflecting surface with a spatially dependent reflection

coefficient, R(x), can be calculated using the Fraunhofer integral as [COX 94]

ps(θ) =

ˆ b

−b

R(x)ejk0x sin θdx, [3.15]

where θ is the polar angle and k0 is the wavenumber in air. Note that the scattered

pressure in the far-field is essentially a Fourier transform of the reflected field along

the surface. Therefore, structures whose reflection coefficient distributions present a

uniform magnitude Fourier transform with good sound diffusion properties [SCH 75].

The diffusion coefficient [ISO 12], dφ, is estimated from a polar response as

δφ =

(
π́

−π

Is(θ)dθ

)2

−
π́

−π

Is(θ)
2dθ

π́

−π

Is(θ)2dθ

, [3.16]

where Is(θ) is the polar scattering intensity for a wave with incident angle φ. This

coefficient is normalized to that of a plane reflector, δflat, to eliminate the effect of the

finite size of the structure as δn = (δφ − δflat)/(1− δflat).

Based on the principles introduced in the section 3.2.3.2, we now present novel

deep subwavelength diffusers based on acoustic metamaterials with deep

subwavelength dimensions. The system works as follows: first, we consider a rigid
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panel of finite length with a set of N slits; second, we modify the dispersion relations

inside each slit by loading one of their walls with a set of HRs. The sound

propagation in each slit becomes strongly dispersive and the sound speed inside it,

cp, can be drastically reduced. Each slit behaves effectively as a deep subwavelength

resonator and, therefore, the effective depth of the slits can be strongly reduced as

L = cp/4f holds. By tuning the geometry of the HRs and the thickness of the slits,

the dispersion relations inside each slit can be modified. As a result, the phase of the

reflection coefficient can be tailored along the surface, for example to those of a

Schroeder phase grating diffuser. Furthermore, by tuning the thermo-viscous losses,

which are inherent in the HRs and in the narrow slits, the leakage of the structure can

be compensated by the intrinsic losses of the system and perfect absorption can be

obtained. Thus, the magnitude of the reflection coefficient can be also tuned, and the

behavior of the slits ranges from perfect reflectors to perfect absorbers. Perfect

absorbing slits allow the design of ternary sequence diffusers [COX 06] for low

frequencies.

3.4.1. Quadratic residue metadiffusers

The first numerical sequence mimicked is the one used in quadratic residue

diffusers (QRD). The sequence is given by sn = n2modN , where mod is the least

non-negative remainder of the prime number N . If the phase grating diffuser is based

on quarter wavelength resonators (wells), the depth of the wells is given by

Ln = snλ0/2N , where λ0 is the design wavelength. Here, we use optimization

methods, for example sequential quadratic programming [POW 78], to tune the

geometry of the metamaterial so the spatially dependent reflection coefficient

matched between the QR-metadiffuser and the QRD only at 2000 Hz. A QRD with

N = 5 QRD, a total thickness of L = 27.4 cm and side Nd = 35 cm was designed

for a frequency of 500 Hz. Due to the small lateral size of the panel, the response was

evaluated at 2000 Hz considering six repetitions of the unit cell in order to clearly

generate the characteristic N diffraction grating lobes of the QRD in the far-field.

Figure 3.8(a–b) shows the phase and magnitude of the reflection coefficient along the

surface the ideal QRD and a QR-metadiffuser of L = 2 cm thickness and M = 2
HRs of same lateral dimensions. The geometrical parameters for the metadiffuser are

listed in Table 3.2 and a scheme of the panel is shown in Figure 3.8(c). Perfect

agreement is found between the reflection coefficients of the QR-metadiffuser and

the target phase grating QRD. Figure 3.8(g) shows the far-field calculation at 2000

Hz using equation [3.15] for both structures. Excellent agreement is obtained

between the polar responses using the TMM. To validate the design, a full-wave

numerical solution using the finite element method (FEM) and accounting for the

thermo-viscous losses is also provided. The FEM numerical solution agrees with the

theoretical prediction, although small discrepancies can be observed. They are caused

first because the radiation corrections used in the TMM are only approximate and,

second, because the evanescent coupling between near slits in the TMM is not

considered while it is implicitly included in the FEM simulations. The near-field
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pressure distributions are shown in Figure 3.8(d–f) for the QR-metadiffuser, the QRD

and a reference flat surface of the same width, respectively. Excellent agreement is

observed between both diffusers, where it is clear how the field is scattered in other

directions rather than specular. The presented QR-metadiffuser is 17.1 times thinner

than the QRD (34 times smaller than the QRD design wavelength (500 Hz) and

8.5 times smaller than the evaluation wavelength (2000 Hz)).
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Figure 3.8. (a) Phase and (b) magnitude of the spatially dependent reflection
coefficient of a QRD (black line) and the QR-metadiffuser (red dotted line). (c)
Scaled scheme of the QR-metadiffuser with N = 5 and M = 2. (d) Near-field
pressure distribution at 2 kHz of QR-metadiffuser with thickness L = 2 cm, (e)
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same width of the diffusers (continuous red). For a color version of this figure, see
www.iste.co.uk/romero/metamaterials.zip



66 Fundamentals and Applications of Acoustic Metamaterials

n sn h (mm) ln (mm) lc (mm) wn (mm) wc (mm)

1 1.0 14.7 13.0 16.4 6.2 9.0

2 4.0 30.9 9.1 4.3 3.5 9.0

3 4.0 30.9 9.1 4.3 3.5 9.0

4 1.0 15.7 13.3 17.0 6.3 9.0

5 0.0 20.3 18.0 20.7 3.2 9.0

Table 3.2. Geometrical parameters of the QR-metadiffuser.
Table reproduced from [JIM 17a]

3.4.2. Broadband optimal metadiffusers

To design a metadiffuser useful for room acoustics, its diffusion must be broad in

frequency. Thus, we extended the bandwidth of the optimization procedure, where

the cost function to minimize was ε = 1 − ´ fhigh

flow
δndf . In particular, we look for

deep subwavelength thickness metadiffusers that present maximum normalized

diffusion coefficient in the frequency range from flow = 250 Hz to fhigh = 2000 Hz.

Here, we used a set of N = 11 slits separated by d = 12 cm, and constrained the

thickness of the panel to L = 3 cm. The obtained geometrical parameters are listed in

Table 3.3. Here, we used square cross-sectional HRs. Figure 3.9(a) shows the scheme

of the metadiffuser with the retrieved geometry. First, the polar responses at two

frequencies 300 and 2000 Hz are shown in Figure 3.9(b and c). The maximization of

the diffusion coefficient implies that the polar responses are uniform. In addition, we

show the angular dependence of the near field at shorter distances, for example at 1

and 5 m. Due to the lateral dimension of the structure, which is 1.32 m,

equation [3.15] is not accurate at distances much shorter than the Rayleigh distance.

However, although the near field does not exactly follow the polar distribution given

by equation [3.15], the structure scatters the waves uniformly in broad range of

angles when compared with a flat plane of the same dimensions. Figure 3.9(d–g)

show the frequency-dependent polar responses in the far field for a reference flat

plane with the same width as the metadiffuser, a thick QRD with a design frequency

of 250 Hz (LQRD = 56 cm), a thin QRD with the same thickness of the metadiffuser

LQRD,thin = 3 cm and the optimized metadiffuser, respectively. Here, we calculated

the polar responses using six repetitions of the panel to clearly observe the diffraction

grating lobes. First, the scattering of the thin QRD, Figure 3.9(e), is almost the same

as a flat plane, Figure 3.9(d). It only starts to scatter waves at different angles above 2

kHz. Second, the deep wells that compose the thick QRD, Figure 3.9(f), resonate

near their quarter-wavelength resonances at lower frequencies and, therefore, the
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reflection coefficient follows the QR sequence and the panel scatters sound waves

into oblique angles. Finally, the optimized metadiffuser, Figure 3.9(g), also shows

strong grating lobes, but, in addition, at medium and high frequencies, energy is

spread in other directions at low frequencies, for example between 250 and 500 Hz.

n 1 2 3 4 5 6 7 8 9 10 11

h (mm) 5.7 4.9 7.7 82.9 48.4 74.9 20.0 6.6 76.2 29.5 7.6

ln (mm) 16.3 7.3 37.1 0.0 35.3 22.1 14.7 0.1 0.0 0.1 4.8

lc (mm) 97.1 106.8 74.2 36.0 35.3 22.1 84.3 112.2 42.7 89.4 106.5

wn (mm) 6.7 6.5 10.0 29.0 29.0 29.0 14.0 9.5 29.0 27.6 6.2

wc (mm) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0

Table 3.3. Geometrical parameters used for the broadband
metadiffuser using N different slits. Table reproduced from [JIM 17a]

The normalized diffusion coefficient shown in Figure 3.9(h) quantifies this

behavior. It is observed that over the optimized range, the diffusion coefficient of the

metadiffuser takes values with a mean value of about δn = 0.65, with peaks of

δn = 0.9. When compared to the thick QRD, its frequency band is extended to one

octave below. The corresponding absorption is shown in Figure 3.9(f). Here, the wide

slits that form the QRD produce almost no losses, while the thermo-viscous losses

produced in the narrow ducts that comprise the ultra-thin metamaterial lead to some

peaks of absorption at the resonance of the cavities. These losses can be reduced if

the thickness of the panel is increased, but here we presented a structure whose

thickness is 46 times smaller than the wavelength. It is worth noting here that the size

of some of neck of the resonators is almost the same as their cavities, as can

be observed in Figure 3.9(a). In these cases, the resonator acts as a coiled QWR and

the losses in these wide ducts are decreased. The resonance frequency of these QWR

is higher than the corresponding HRs, contributing to the high frequency diffusion,

while, in contrast, the HRs introduce spatial changes on the reflection coefficient at

low frequencies. Moreover, the position of the low frequency absorption peaks can be

engineered to solve other typical problems in room acoustics, as placing them at the

resonant modes of small control rooms to produce a flatter spectral response or

reduce sound coloration in the reverberation. This can be achieved using

multi-objective optimization techniques.
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Figure 3.9. (a) Scheme of the analyzed metadiffuser. (b) and (c) show the polar
responses at two frequencies, 300 and 2000 Hz respectively. Far-field polar response
as a function of the frequency for (d) reference flat plane, (e) N = 11 QRD
panel with a total thickness of 3 cm, (f) QRD panel with a total thickness of
56 cm and (g) an optimized metadiffuser thickness of 3 cm. (h) Normalized diffusion
coefficient or the 3 cm QRD (dashed black), 32 cm QRD (dashed-dotted red)
and optimized metadiffuser using the TMM (blue) integrated in third of octaves.
The third octave integration is shown in thick lines according to ISO 17497-2:2012
[ISO 12]. (i) Corresponding absorption. For a color version of this figure, see
www.iste.co.uk/romero/metamaterials.zip

3.5. Conclusions

Realistic panels for sound perfect absorption and diffusion with subwavelength

sizes are designed in this chapter with simple structures made of bricks with

Helmholtz resonators. The theoretical modeling based on the transfer-matrix method

considering the viscothermal losses has been described in detail. Two examples of

perfect absorbers and metadiffusers have been described.

Perfect absorption of sound is achieved at 338.5 Hz with a panel thickness of

L = λ/88 = 1.1 cm and without added porous material. It is worth noting here that

the total panel size in the vertical dimension is also subwavelength

d = λ/6.5 = 14.5 cm. The subwavelength feature of the presented structure provides
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perfect absorption for a wide range of incident angles. This almost omnidirectional

sound absorber can be used in practical applications where the omnidirectional

feature is mandatory. These promising results have been used to study different

configurations producing broadband perfect absorption with deep subwavelength

structures, named rainbow-trapping absorbers. We reported flat and perfect

absorption over a frequency range covering from 300 to 1000 Hz, i.e. almost two

octaves, using a rainbow-trapping absorber (RTA) composed of nine resonators and

10 times smaller than the wavelength at 300 Hz (11.3 cm).

Metadiffusers, a novel design of locally reacting surfaces with tailored acoustic

scattering, were also presented. The propagation inside the metamaterial presents

strong dispersion and the sound speed can be significantly reduced so that each slit

effectively behaves as a deep subwavelength resonator. Thus, by tuning the material

geometry, the dispersion of acoustic waves in the slits is modified and the spatially

dependent reflection coefficient can be tailored to specific functions with a uniform

magnitude Fourier transform. In these conditions, the grating lobes produced by a

periodic arrangement of the panel all have the same energy. The acoustic energy can

be scattered in other directions than specular. It was also shown that the structures

can be optimized to work in a broad frequency range covering three octaves. In

particular, we presented a diffuser of 3 cm thickness working from 250 to 2000 Hz,

demonstrating the potential of the metadiffusers to be used in critical listening

environments due to their deep subwavelength nature: the thickness of the panels was

1/46 to 1/20 times the design wavelength, i.e. between about a twentieth and a tenth

of the thickness of traditional designs. In the context of smart building design and

sustainability, metadiffusers can be used to save space and to produce lightweight

materials, improving the performance of the acoustic solutions using less resources.

Moreover, the proposed designs have the potential to meet the aesthetic requirements

that are mandatory for modern auditoria design.
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