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Abstract—Under specific ultrasound excitation, contrast mi-
crobubbles undergo nonlinear oscillations. Considering the size
and the complexity of the phenomenon, expensive and complex
experiments and/or simulations are required. To overcome this,
the use of an analogy has been proposed and validated. A chain
of coupled oscillators has been optimized in order to re-scale
the bubble ultrasonic oscillation at the macroscopic scale. The
parametric oscillation (characteristic of the driving) responsible
of the surface mode oscillations exhibit mode mixing behavior
including intrinsic localized modes (ILM) that emerge when
the frequency of the driving is slightly below the edges of the
dispersion curves. This result suggests some optimized ultrasonic
excitation in order to exhibit local acoustic response of ultrasound
contrast agents (UCA) used for sonoporation. Under parametric
excitation, this analogy correctly describes the surface modes of
the bubble as a consequence of shape instability.

I. INTRODUCTION

The study of analog models in the field of nonlinear physics
is a tool that allows recreating in the laboratory phenomena
that are difficult to observe directly [1]-[3]. Concerning mi-
crobubbles and Ultrasound Contrast Agent (UCA), some of its
dynamic features (vibration modes, subharmonic oscillations,
chaos) can be captured by a system of coupled oscillators [4]-
[10]. Here, the oscillatory behavior of a microbubble and its
vibration modes are investigated through the use of a macro-
scopic analogy [11]-[13] consisting of a chain of coupled
pendula, parametrically excited by a vertical force. Based on a
discrete nonlinear model of coupled pendula and its continuous
limit describing low frequency excitations, vibration modes are
investigated theoretically and experimentally. This approach is
used here to set up a formal basis for the acousto-mechanical
analogy of a gas microbubble and UCA. Using the analogies
evidenced by the symmetry analysis [1], the study is performed
with a mechanical macroscopic ring of coupled oscillators,
which is easier to measure and characterize. The vertical
oscillation of the ring is equivalent to the external pressure
field incident on the bubble. Thus a correspondence between
both systems can be established. Our interest in this study
would be to determine the external acoustical pressure on a
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Fig. 1. Macroscopic mechanical analogu of a microbubble (Courtesy of
Jennifer Chaline [14])

bubble to a given excitation frequency for a specific surface
mode.

Targeted drug delivery is one of the most important, but
not yet attained, goals of modern pharmacology and therapy.
In recent years, new promising possibilities for targeted drug
delivery have been discovered that can be realized by using
microbubble ultrasound contrast agents (UCA). These agents
can carry drugs and selectively adhere to specific sites in the
human body. This capability provides great possibilities for
localized drug delivery in combination with a phenomenon
know as sonoporation. Sonoporation is a process in which
ultrasonically activated contrast agent microbubbles, pulsat-
ing nearby biological barriers (cell membrane or endothelial
layer), increase their permeability and thereby enhance the
penetration and the extravasation of external substances [15]—
[18]. In this way drugs can be delivered inside individual cells
without serious consequences for the cell viability. At present,
however, there is no consensus on the underlying mechanisms
of sonoporation and the problem of acoustic microstreaming
[19].
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Fig. 2. Scheme of the coupled nonlinear oscillator chain in a ring configura-
tion.

Depending on the amplitude and the frequency of the
driving, the mechanical ring presents a parametric instability
leading to surface modes and localized modes oscillating at
subharmonics of the parametric excitation. Bubbles are used
as contrast agent in medical ultrasound imaging and to carry
some drug to special locations. The perspective of this analysis
is to define practical optimized ultrasound pulses exciting the
bubble and leading to drug delivery applications.

II. STATEMENT OF THE CONTRIBUTION/METHODS

We study the localized modes on the surface of a mi-
crobubble. We present an experimental and numerical study
of spatiotemporal dynamics in a parametrically driven system
presenting a curved geometry. The system is a ring-shaped
chain of coupled oscillators subjected to a vertical harmonic
acceleration. The theoretical model is the well-known Frenkel-
Kontorova lattice [20] (a discrete version of the sine-Gordon
equation) with damping and parametric driving.

Thus, we consider a chain of N = 50 coupled nonlinear
oscillators [21] that are configured in the form of a circular
ring, connecting first and last masses. The chain forms a
periodic boundary condition lattice as shown in Fig. 2. The
coupling of the pendulums is implemented by a nodal junction,
which height d governs the coupling factor of the chain.
Thus, considering a pendulum lattice formed by equal masses
linearly coupled to their nearest neighbors, and neglecting
curvature effects, the motion on the n-th pendulum obeys the
parametrically-driven damped Frenkel-Kontorova equation:
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where 6, is the angle of the n-th pendulum with the normal,
~ is the damping coefficient, wg = +/g/L is the natural
frequency of the uncoupled pendulum, g is the acceleration
due to Earth’s gravity, L is the pendulum length,  is the
coupling constant related on the height d of the junction, and
A and w are the amplitude and the frequency of the parametric
excitation. After linearization, the dispersion relation of the
parametrically-excited pendulum chain can be expressed as
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where n = d/L € [0, 1] measures the strength of the coupling
and m is the mode index number and N the number of pen-

dulums. This surface mode can be analytically described as a
linear composition of spherical harmonics [22] and [23]. Thus,
dispersion relation is bounded by the lower cutoff frequency
w; = /g/L and upper cutoff frequency w, = +/g/(L — d)
which corresponds to the natural frequency of pendulum
oscillating either from the rigid support or from the knot. In
order to obtain a solution of the coupled pendulum motion
equation, finite differences are applied to partial differential
operators of Eq. 1.

In addition, experiments were improved considering previ-
ous work. A new chain was built by using a set of N = 50
pendulums of L = 103 mm length, and a mass of 5 g
disposed around a ring of R = 330 mm radius. The distance
between pendulums was a = 50 mm and the junction,
according to Fig. 2, was done by a knot at d = 30 mm.
Thus, the natural frequency of pendulum oscillating from the
rigid support was f; = 3.1 Hz (lower cutoff mode), and the
natural frequency of pendulum oscillating from the knot was
fu = 3.69 Hz (upper cutoff mode). Assuming classical values
for bubble’s physical parameters, one have the approximate
condition fo[M Hz]Ro[um] ~ 1.. For the new chain, similar
property can be written fo[Hz|Ro[m] ~ 1 and explain the
typical sizes chosen for this macroscopic experiment (Table I)
with the NV = 50 coupled pendulum array [11].

The parametric excitation was exerted by a vertical dis-
placement by means of a 18” audio sub-woofer driven by a
harmonic low frequency signal. The low frequency signal was
generated by a arbitrary function generator, amplified by a 50
Watts audio amplifier and then connected to the 8 ohms input
of the loudspeaker. The sub-woofer was facing up on a rigid
table and the pendulum ring lies directly on the diaphragm
cone of the loudspeaker. The oscillation patterns of the ring
were recorded by means of video camera placed on the top of
the system using images of 720/480 pixels at 240 frames per
second. The position of the pendula was tracked and the time
dependent displacement was estimated. The initial excitation
of the chain was exerted manually by moving one of the
pendulum, that implies a high bandwidth excitation as initial
condition of the chain.

III. RESULTS

A. Mode mixing

The ring of pendula show a variety of oscillation patterns
in both, simulation and experiments. Surface modes with

TABLE I
TABLE OF ANALOGIES BETWEEN PARAMETERS OF MICROBUBBLE AND
THOSE OF THE PENDULA RING [11].

Parameter Microbubble Pendula ring
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Fig. 3. (a-b) Experimental and (c-d) numerical observation of the radial mode
in the ring of coupled pendula for f = 2fy

flfo

Fig. 4. Oscillation modes as a function of parametric frequency and the
excitation amplitude for (markers) experiments and (surfaces) simulations.
Each color represent one different spatial mode.

mode mixing for parametric excitation frequencies within the
pass-band of the dispersion relation, the intrinsic localized
modes for frequencies just below the low cut-off frequency.
First, as it was recently published [13], the ring of coupled
pendula under parametric forcing develop surface modes that
for small excitation amplitudes follow the dispersion relation
given by Eq.2, in analogy with the surface modes developed
by microbubles [24], [25]. At frequencies around 2fj, the
radial mode is observed as shown in Fig. 3, in analogy
with the well-known radial mode of microbubbles under the
action of ultrasound [26]. Figure 4 shows the experimental
and numerical modes as a function of parametric frequency
and the excitation amplitude. It is interesting to show that
for high amplitudes mode mixing appear. The oscillation
pattern for a fixed excitation frequency is not a chromatic
spatial harmonic. Instead, shape instability leads to a more
complicated pattern that, first, its main resonant frequency is
shifted down from the dispersion relation (a typical signature
of softening nonlinearity) and, second, the pattern is composed
by a spectra of spatial modes. If extended to the behavior
of UCAs under complex ultrasonic excitations, it gives the
potential of studying optimized ultrasonic radiations of UCA
for specific medical applications.

B. Intrinsic Localized Modes

Of special interest are the dynamical features for excitation
frequencies just below 2fy. In this regime, localized modes
can be easily observed in experiments and numerical results.
Figure 5 shows an example of a localized surface mode,

an intrinsic localized mode (ILM), that emerge when the
frequency of the parametric driving is slightly below the edges
of the dispersion relation. These ILMs are similar to those
found in other more generic systems of nonlinearly vibratory
lattices. The observation of ILM in 1D chain of coupled
oscillators [27], [28], presenting many similarities with the
discrete bubble model, showed to play a role in creating
spatio-temporal localized excitations leading to the breaking
of the bubble. The position of the ring has been captured
in two different times (Fig.5(a,b)), where Fig.5(c) shows the
superposition of such frames. It can be observed haw the
energy became spatially trapped in the ring in this non-
propagating soliton, while the oscillators in the opposite side
of the chain are almost at rest. This behavior is highly needed
for sonoporation applications where a local drug delivery
process is fundamental for targeted therapy. The dynamics
of the ILM present a rich amplitude-dependent dynamical
features: the ILM time period exhibits a regular cycle of period
three. As expected, at higher driving amplitudes the ILM
also display regular cycles of every other length and chaotic
behavior. This leads to the localized modes to disaggregate,
strongly perturbing the rest of the surface of the bubble.

IV. DISCUSSION AND CONCLUSION

We propose to analyze UCA spherical modes in complete
analogy with the properties of parametric instability of a
linear chain of coupled pendula, with nonlinear coupling and
periodic properties. A simple dynamical model of a single
microbubbles under the action of ultrasound is presented.
The analogue model is based of a ring of coupled nonlinear
oscillators which describes pragmatically the main behavior
at another mechanical scale. On the basis of the proposed
analogy, the oscillation patterns and localized modes observed
experimentally in acoustically driven bubbles are interpreted,
discussed and commented within the context of sonoporation
applications. First, the results of modal behavior are in agree-
ment with simulations and are similar to those obtained from
gas microbubbles. Second, we demonstrate experimentally and
numerically the existence of intrinsic localized modes (ILM).
The analogy between the macroscopic behavior of the pendula
ring and the microscopic behavior of a microbubble presented
here is valid in the low frequency regime, where the chain of
oscillators can be considered as a quasi-continuum. Is in this
regime where ILMs emerge, so one can thus expect to observe
these oscillatory behaviors in real microbubbles. The possibil-
ity to evaluated the optimized ultrasonic excitations of UCA
for sonoporation applications is underlined through the study,
in complete analogy, of optimized mechanical excitations of
macroscopic mechanical experiments in the laboratory. The
perspective of this analysis is to define practical optimized
ultrasound pulses exciting the bubble and leading to drug
delivery applications. It is also planned to establish conditions
under which the surface modes developing in the bubble shell
near a boundary (blood vessel wall) become unstable, causing
the disruption of the shell and the escape of the internal gas,
for sonoporation applications.



Fig. 5. Localized surface mode for f = 0.98(2f¢) at different times (a,b), (c) shows the superposition of both frames. Energy is spatially localized inducing
various possibilities for sonoporation applications.
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