





Chapter 3

Nonlinear Self-Collimated Beams
in Periodic Media

Abstract

We report the propagation of high-intensity sound beams in a sonic
crystal, under self-collimation or reduced-divergence conditions. The
medium is a fluid with elastic quadratic nonlinearity, where the domi-
nating nonlinear effect is harmonic generation. The conditions for the
efficient generation of narrow, non-diverging beam of second harmonic
are discussed. Numerical simulations are in agreement with the analyt-
ical predictions made, based on the linear dispersion characteristics in
modulated media and the nonlinear interaction in a quadratic medium
under phase matching conditions.
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Chapter 3. Nonlinear self-collimated sound beams in periodic media.

3.1 Introduction

The beams of different kind of waves, electromagnetic, sonic, etc..., experience
diffraction and broaden as they propagate in a homogeneous medium. This spread-
ing of energy in space diminishes the wave amplitude of the beam in the axis along
propagation, unless the spreading is balanced by some focusing mechanism. Still,
it is possible to prevent this fundamental wave propagation property and create
non-diverging beams. Among the beam patterns without divergence the most
popular are the linear Bessel beams (J. Durnin et al., 1987), and the nonlinear
solitonic or self-trapped beams (Stegeman et al., 1999). Recently, another method
for creating linear non-diverging beam was proposed, for waves propagating in
a periodic medium. Such beams have been named self-collimated beams, and
were first proposed for light beams in photonic crystals (Kosaka et al., 1999), and
later extended to other type of waves. The phenomenon of self-collimation has
attracted much attention, as a technique to propagate optical, acoustical or even
matter wave beams at long distances without a sensible loss of amplitude. Self-
collimation is highly sensitive to the frequency: the divergence of beams can be
reduced or even suppressed only at particular frequencies, those presenting par-
ticular dispersion characteristics, namely flat regions in the isofrequency contours
(Kosaka et al., 1999). The size of the self-collimated beam is also limited by the
extension of such flat region in angular space.

Self-collimation of low amplitude (linear), monochromatic acoustic waves has
been demonstrated in 2D (Espinosa et al., 2007) and 3D (Soliveres et al., 2009)
sonic crystals. More recently, the simultaneous self-collimation of two beams of
different frequencies was also demonstrated experimentally (Soliveres et al., 2011).
These results show that the conditions for self-collimation can be achieved also for
non-monochromatic beams; in particular the case of the superposition of beams of
one frequency and its second harmonic was considered in (Soliveres et al., 2011).
The latter results are valid in linear regime; actually in (Soliveres et al., 2011)
both frequency components were present in the input beam, and the corresponding
beams propagated in the crystal without nonlinear interaction between them.

In the linear case, the propagation of light and sound beams obey similar
equations, and similar propagation characteristics are expected. The similari-
ties between photonic and sonic crystals are well established (Miyashita, 2005),
and have motivated many studies, where analogous effects in both systems have
been investigated. The analogy, however, breaks for high amplitude waves, where
nonlinear effects appear. For example, second and higher harmonic generation
processes may be essentially different in optics and acoustics. One reason is the
absence of intrinsic dispersion for acoustic waves propagating in homogeneous me-
dia. Nonlinear acoustical waves in nondispersive media as homogeneous fluids,
eventually generate shock waves, which are not observed in optics. Also, the
type and strength of nonlinearity may be different. While most common optical
nonlinearities are cubic (Kerr-type), in fluids and homogeneous solids, quadratic
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Figure 3.1: Basic scheme of a sonic crystal. The strong dispersion of the system is caused
by the multiple scattering of waves over periodically distributed rigid inclusions. The resulting
waves that propagates in the periodic media are Bloch waves, where the specific band structure
of the media depends on the scatters and host media parameters. In this work we consider a
fluid host media (nonlinear) and perfectly rigid scatters.

nonlinearity is dominant in acoustics. Even, nontraditional acoustic nonlinearities
(power-law, hysteretic,...) are typical of some complex or microstructured acoustic
media. In this sense, nonlinear effects of acoustic waves in periodic media, and in
particular the self-collimation problem considered here are not a direct extension
of the same effects in the optical case. Furthermore, the propagation of nonlinear
acoustic beams in sonic crystals has never been addressed before.

The basic effect in nonlinear acoustics is harmonic generation (Hamilton et
al., 1998b). It is known that efficient harmonic generation is only possible under
fulfillment of phase matching conditions. For acoustic waves in fluids, this condi-
tion is rather natural, being always fulfilled for all harmonics due to the absence
of dispersion, however in optics this requires special materials and special phase
matching techniques (Boyd, 2003).

Acoustic harmonic generation has been studied in a variety of highly-dispersive
nonlinear media, as bubbly liquids, or acoustic waveguides (Hamilton et al., 1998b),
and weakly dispersive media as elastic plates (De Lima et al., 2003; Miiller et al.,
2010), nonlinear porous-elastic media (Donskoy et al., 1997) and in granular media
(Legland et al., 2012). It has been proven as a useful effect in different applica-
tions, as material characterization (Hirsekorn et al., 1994; Zheng et al., 2000),
ultrasound imaging and echography, (Humphrey, 2000), biological tissue charac-
terization (Law et al., 1981) and other medical ultrasound applications.

The purpose of this Chapter is to study nonlinear propagation of high intensity
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sound beams in periodic media, and in particular to demonstrate the formation of
nonlinear self-collimated acoustic beams in sonic crystals, and discuss the condi-
tions under which this process occurs with maximal efficiency. A sonic crystal, as
sketched in Fig 3.1 is designed, by using an iterative method, to fulfill the three
conditions for optimal energy transfer between harmonics: flatness of isofrequency
contour for each harmonic, phase matching and large overlap between distributions
of the interacting Bloch modes. The predictions are checked by FDTD simulations
of the nonlinear problem, that demonstrate the efficient generation of fundamental
and second harmonic acoustic narrow beams.

3.2 Nonlinear sound beam propagation model

Several models can be used to describe nonlinear sound wave propagation though
a fluid medium, with different levels of accuracy. An accurate description, when
thermal and viscous effects are negligible, follows from the conservation laws of
mass and momentum, can be written, respectively, in a Eulerian form (Hamilton
et al., 1998b):

% =-V-(pv), (3.1)
p (?9‘75, +v- Vv> = —Vp, (3.2)
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Figure 3.2: Band structure obtained by the Plane Wave Expansion (PWE) method for a SC
made by a square lattice of rigid cylinders with r = 0.11la, where a is the lattice constant,
immersed in water. Red and blue lines mark the bands (2nd and 8th) for which simultaneous
nondiffractive propagation in I' — X direction is explored for both FW and SH respectively.
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Figure 3.3: Top: Band structure (left) of a square lattice of rigid cylinders with r = 0.11a,
where a is the lattice constant, immersed in water (right). Red and blue lines mark the bands
(2nd and 8th) for which simultaneous self-collimation for both fundamental and second harmonic
searched, along I' — X direction.

where v is the particle velocity vector, p is the acoustic pressure, p is the total
density field that can be expressed as p = po+p’, where pg the ambient fluid density
and p’ is the acoustic density. The system is closed by the equation of state of
the fluid, that under our assumptions is a pressure-density relation, p = p(p). A
commonly used expression is obtained after Taylor expansion, keeping nonlinear
terms up to second order. Then

cg B
p=cpp+ ,0702714'0 ; (33)

where B/A is the nonlinearity parameter of the medium (which is known for most
of materials, see e.g. (Naugolnykh et al., 1998)) and ¢y the sound speed in the
medium. Note that Egs. (3.1) and (3.2) also contain nonlinearities related to (1)
mass and momentum advection , or (2) geometrical nonlinearities. However, for

the second harmonic generation they are of minor importance compared with the
nonlinear terms in the equation of state, Eq. (3.3).

The above formulation of nonlinear propagation problem remains valid when
the propagating medium is inhomogeneous, including the case of sonic crystals
where inhomogeneity is periodically distributed in space. In such case, the medium
parameters ¢y and py are space-dependent, represented by periodic functions. To
our knowledge, the propagation of acoustic beams in periodic media has been only
studied in the linear regime, and the corresponding nonlinear problem is addressed
here for the first time.
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Figure 3.4: Isofrequency contours for the 2nd (left) and 8th bands (right). Points denote the
wavevectors for both waves, lying on flat segments respectively.

3.3 Self-collimation of intense acoustic beams

We consider a narrow, intense acoustic beam incident on a 2D sonic crystal made of
cylindrical scatterers of radius » embedded in a fluid, arranged in a square-lattice
with lattice constant a. The corresponding filling fraction is ff = n(r/a)?. The
beam width is roughly 6 lattice periods. For the sake of simplicity the scatterers
are considered perfectly rigid (the sound field is totally reflected from the wall of
scatterer). Assuming water as a host fluid, the material parameters are py = 1000
kg/m?, ¢y = 1490 m/s.

The special conditions required for a sound beam to propagate without diffrac-
tion are presented in this section. The problem of self-collimation has been al-
ready discussed for linear, monofrequency (Pérez-Arjona et al., 2007; Espinosa
et al., 2007) and bi-frequency (Soliveres et al., 2011) beams. Since a nonlinear
beam is composed by a fundamental frequency component and its high frequency
harmonics, self-collimation of the nonlinear beam requires self-collimation of its
constituent frequency components. We remind that in self-collimation regime the
sonic beam does not spread diffractively because Bloch wave vectors lying on the
flat segment of the spatial dispersion curve have equal longitudinal components
and thus do not dephase mutually in propagation. In general, this flatness of
the dispersion curve appears at a particular frequency, but as shown in (Soliveres
et al., 2011) it can be also obtained for a wave and its second harmonic regarded
they propagate in different propagation bands.

To illustrate this case, we show in Fig. 3.3 the dispersion diagram of the sonic
crystal for small-amplitude excitations, obtained using the Plane Wave Expansion
(PWE) method on a linearized version of Egs. (3.1)-(3.3). The conventional form
of the band diagram is represented on the trajectory along the principal directions
of the crystal, ' — X — M — I, which are the boundary of the irreducible Brillouin
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zone (BZ). Figure 3.3 (top) shows the dispersion diagram for I' — X direction. The
red line in Fig. 3.3 denotes the 2nd propagation band. The fundamental (driving)
field lies on this band. Its frequency 2 is chosen such that the corresponding
isofrequency contour contains flat regions. The blue line in Fig. 3.3 denotes the
8th propagation band. The second harmonic frequency, 2€, lies in this band for
the particular crystal parameters considered.

As shown in (Soliveres et al., 2011), for a given crystal, it is possible to choose
the fundamental frequency such that the isofrequency contours for both frequencies
present flat regions. In our particular crystal, this happens when 2 = 0.125. These
are dimensionless frequencies, related to physical frequencies w as w = Q(2wcg/a).
Similarly, a normalized Bloch wavevector is defined as K =k, (a/m)

Such condition is necessary to achieve self-collimated propagation of the non-
linear beam. In order to obtain an efficient generation of the second harmonic,
together with simultaneous self-collimation for both waves two additional geomet-
ric conditions must be fulfilled, related to the wavenumber and spatial shape of
the interacting beams. These conditions have been discussed for photonic crystals
(Nistor et al., 2008; Nistor et al., 2010). The analysis can be extended to higher
harmonics (third,...), however numerical simulations show that the amplitude of
harmonics higher than second is small and does not contribute significantly to
the beam profile, and therefore they will not be considered for the design of the
structure.

3.3.1 Phase matching conditions

It is well known from nonlinear optics (Boyd, 2003) that a proper phase rela-
tionship between the fundamental and second harmonic waves must be satisfied
for an efficient nonlinear frequency conversion along the propagation direction.
In a dispersive medium, the wavenumbers of first harmonics do not combine
to result precisely in wavevector of second harmonics, and a phase mismatch
AK = 2K(Q) — K(29) occurs. As a consequence, the second harmonic field is
limited in amplitude: it does not grow linearly but oscillates in propagation, with
a characteristic period given by the coherence length (Boyd, 2003)

™ a

le= Ak T AR

(3.4)

The conversion efficiency into second harmonics generally is smaller in optics
than in acoustics, because of the inherent material dispersion for light waves (ab-
sent for sound waves in fluids), that causes the fundamental and second harmonic
waves to travel along the crystal with different phase velocities. Thus, the presence
of the scatterers is the only important source of dispersion in the acoustic case.

Phase matching corresponds to AK = 0. Figure 3.5 shows that it can be
actually achieved for the pair of frequencies where self-collimation occurs, as follows
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from the previous analysis. There, we represent the dispersion branches involved
in self-collimation, along I' — X direction, as in Fig. 3.3. Fundamental and second
harmonic modes correspond to the crossings of the dotted horizontal lines with the
corresponding dispersion branches. For a given fundamental frequency €2, in order
to check the fulfillment of the phase matching condition, the curve corresponding
to the "double” of the 2nd band dispersion curve, 22(2K), has been represented
in Fig. 3.5 as a red dashed line. Phase matching is satisfied at the intersection
between this curve with the corresponding curve at the 8th band. This corresponds
to the mode labeled A in Fig. 3.5, which is phase-matched with the fundamental
mode.

Note that due to the concavity of the 8th band, at frequency 2() a second mode
labelled with B in Figure. 3.5 can be also excited. This solution presents a large
phase mismatch with the fundamental mode, and its contribution to the second
harmonic field is negligible.

The simultaneous fulfillment of both conditions is obtained by an iterative
procedure, which implies a re-design of the crystal parameters. The procedure
is as follows: we start from a pair of frequencies (2, 22) showing self-collimation
for a given crystal parameters. Around this doublet, we seek the closest pair of
frequencies ' = Q + 6Q and 22’ showing phase-matching. Then the isofrequency
curves (Fig. 3.3) are again calculated in order to evaluate the deviation of flatness
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Figure 3.5: Dispersion curves involved in simultaneous self-collimation for the fundamental
(red line) at the 2nd band and second harmonic (blue line) at the 8th band. The ”doubled”
dispersion curve is represented (dashed red line) to identify phase matching of harmonics. The
intersection denotes the frequency presenting phase matching. A closest view (inset) shows that
for the self-collimated second harmonic, two solutions (modes A and B, with distinct K) are
found, phase and non-phase matched, respectively
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Figure 3.6: Spatial distribution of the pressure field for the Bloch modes of the fundamental
(left) and the second harmonic (right) waves. The coupling coefficient is estimated to be k = 0.85.

in the isofrequency contours. The sonic crystal parameters are then modified, e.g.
by a slight variation of the filling fraction, in order to tune the dispersion relations
to get again self-collimation conditions. The process is repeated again until both
conditions (flatness and phase matching) are simultaneously satisfied. We note
that, despite this is out of the scope of this paper, optimization techniques as
genetic algorithms can be applied here in order to find an optimal structure.

3.3.2 Nonlinear coupling of Bloch modes

Efficient energy transfer between harmonics requires also a strong mode coupling,
which depends on the spatial overlapping between the two interacting waves. For
plane waves in a homogeneous medium a perfect spatial nonlinear coupling between
first and second harmonic is assured, since mode overlapping is maximal. The
propagation eigenmodes in a periodic medium are Bloch waves, whose amplitudes
are spatially modulated and does not necessarily overlap. If two modes do not
overlap in space, the energy transfer is less efficient even if they are phase matched.
The amount of energy transfer can be estimated evaluating the spatial overlap
between the envelopes of the corresponding Bloch modes.

Let By and Bs be the spatial envelopes of the Bloch modes of the fundamental
and and second harmonic waves, respectively. The nonlinear coupling coefficient
is calculated as the cross-correlation between the functions B and By normalized
in such a way that unity would correspond to the perfect matching of the modes
(Nistor et al., 2008). We define the coupling coefficient as

o — |fMB%B§dT| 7 (3.5)
\/fc |B|dr [, |Ba|?dr

where the upper integral is calculated in the nonlinear medium from one unit cell,
while the lower integrals are taken over the entire unit cell.
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To calculate B; and By we solve the eigenvalue problem for the pressure field
by means of the PWE method, which converts the differential equation to an
infinite matrix eigenvalue problem that can be truncated and solved numerically.
For that, we follow the same procedure as in (Pérez-Arjona et al., 2007), however,
the problem is solved inversely, i.e. for a given frequency, the corresponding wave
vectors satisfying the phase matching condition are obtained. Then By and B, are
obtained as the eigenvectors corresponding to fundamental and second harmonic
frequencies, respectively. In Fig. 3.6 we plot the spatial distributions of By and Bs,
respectively, for the selected final design where a coupling coefficient of k = 0.85 is
obtained. This value is of the same order as the coupling in homogeneous media,
k = 1, and therefore sufficiently large for an efficient harmonic generation.

3.4 Numerical simulation

A full-wave nonlinear simulation was performed, using the FDTD method, to val-
idate the efficiency of the second harmonic generation in the proposed structure.
The crystal parameters, obtained after the iterative procedure describe above,
are as in Fig. 3.3 and Fig. 3.5. The source is a plane piston with a width of
6a, located near the crystal, and radiating a harmonic wave with normalized fre-
quency = 0.125. In order to minimize numerical dispersion a computational
grid with Ny = 45 elements per wavelength and a Courant-Friedrich-Levy number
of S = 0.95 was used. In Fig. 3.7 we present the numerically obtained spatial
distributions of the fundamental and its nonlinearly generated second harmonic.
As predicted, both beams are nearly collimated. For comparison, the beam spa-
tial distribution calculated for an homogeneous material (removing the crystal)
are represented in Fig. 3.7 (e-f), where the diffractive broadening of the beams
is visible. Transversal intensity distributions are shown in Fig. 3.8 (a-b) for a
distance 80a, where beam widths are compared with the reference beams in the
homogeneous medium, broadened by diffraction.

The pressure amplitudes along the beam axis are shown in Fig. 3.9 for each
harmonic. Here, the analytic solution for a nonlinear plane wave propagating
in a homogeneous (nondispersive) medium is plotted for reference (dashed lines)
(Naugolnykh et al., 1998), given by p,,/po = 2.J,(no)/no, where J, is the Bessel
function of order n, o = (Bwpo/pocy)x is coordinate normalized to the shock for-
mation distance, pg is the pressure at the source and § = 14+ B/2A the nonlinearity
parameter. Such analytical solution is valid in the preshock region o < 1. The
growth rate of the self-collimated second harmonic beam propagating in the crys-
tal matches well the growth rate of a plane wave in a homogeneous medium in
such preshock region, which is a consequence of the weak divergence of the beam
and the high degree of phase matching. Also, the second harmonic field can reach
even higher amplitudes than those corresponding to nondispersive media (where
harmonics decay beyond the shock formation distance). The latter effect can be
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Figure 3.7: Beam spatial distribution for simultaneously self-collimated harmonics in the sonic
crystal (c-d) and in homogeneous fluid (e-f). Pressures are normalized to the maximum pressure.
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Figure 3.8: Pressure distributions obtained by FDTD simulations. Normalized intensity cross
section of fundamental (a) and second harmonic (b) at * = 80a propagating in the crystal
(continuous line) and in a homogeneous (water) medium (dashed lines).
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Figure 3.9: Normalized field amplitude along the acoustical axis y = 0, for the fundamen-
tal, second and third harmonic beams. The dashed lines represent the analytical solutions for
harmonic evolution on a plane wave propagating in a nondispersive medium.

understood in terms of phase mismatch of higher harmonics: in homogeneous me-
dia all harmonics are phase matched while in the crystal only the second harmonic
is phase matched. In Fig. 3.9 the third harmonic is also plotted, where its small
contribution to the beam is evident. The phase mismatch in third and higher
harmonics decrease the energy flow into these components. Finally, the amplitude
in Fig. 3.9 decays because non-perfect conditions for self-collimation, that makes
the beam to start diverging after a long distance, or non-perfect phase matching,
which results in a beating period with long coherence length.

3.5 Conclusions and Remarks

We have demonstrated the possibility of efficient second harmonic generation of
sound in a sonic crystal, by means of the formation of narrow, weakly diverging
nonlinear acoustic beams. Three conditions must be simultaneously present for a
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efficient second harmonic generation, which are: 1) simultaneous self-collimation,
2) phase mathing and 3) high spatial coupling of interacting harmonics. The use of
simultaneous self-collimation regime limits the diffraction of both harmonic beams,
maintaining the amplitude at the axis and therefore the nonlinear interaction. Un-
der ideal conditions (no divergence and losses), the decrease of the first harmonic
beam is mainly attributed to the energy transfer to second and higher harmon-
ics. The sonic crystal parameters can be chosen to fulfill phase matching with
the second harmonic, maximizing second harmonic generation due to synchronous
cumulative interaction. Finally, the spatial coupling (overlapping) between inter-
acting modes is also analyzed by calculating a nonlinear coupling coefficient. It is
shown that its value (k = 0.85 for the case studied) is not far from the ideal case,
revealing a strong spatial overlap between both Bloch modes that leads to high
energy transfer.

The study show that linear dispersion characteristics (band structures, isofre-
quency contours) can be used to predict the behaviour of nonlinear beams prop-
agating in periodic media. This opens the possibility of extending the study of
nonlinear sound beam propagation in sonic crystals to other cases of interest. For
example, crystals with higher filling factors present full frequency bandgaps, that
may be used to filter out the propagation of selected higher harmonics. In this
sense, sonic crystals can be a way to control the spectrum of intense acoustic
waves, using the strong dispersion properties introduced by the periodicity.
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Chapter 4

Acoustic Bessel Beams
generated by
Axisymmetric Gratings

Abstract

We report Bessel-like beam formation of acoustic waves by means
of an axisymmetric grating of rigid tori. The results show that the
generated beam pattern is similar to that of Bessel beams, character-
ized by elongated non-diffracting focal spots. A multiple foci structure
is observed, due to the finite size of the lens. The dependence of the
focal distance on the frequency is also discussed, on the basis of an
extended grating theory. Experimental validation of acoustic Bessel-
like beam formation is also reported for sound waves. The results can
be generalized to wave beams of different nature, as optical or matter
waves.

121



Chapter 4. Acoustic Bessel beams generated by axisymmetric gratings.

4.1 Introduction

Bessel beams, originally proposed in optics (Durnin, 1987; Maddox, 1987), are
now at the basis of many applications due to their unusual propagation properties
(Duocastella et al., 2012; Fahrbach et al., 2011; Chu, 2012; Matsupka et al.,
2006; Hsu et al., 1989a; Katchadjian et al., 2010). The most celebrated property
of a Bessel beam is that, in the ideal case, the field propagates invariantly, i.e.
without any diffracting broadening, in contrast to the other canonical case, the
Gaussian beam, where the beam experiences diffractive broadening in free space
propagation. As a consequence, the field pattern in a Bessel beam possesses an
infinitely extended focal line.

Strictly speaking, Bessel beam is a solution of the wave equation in the form of
a monochromatic wave with a transverse profile given by a Bessel function of the
first kind, which by definition presents an infinite spatial extension. This ideal case
cannot be realized in practice (in the same way as ideal, infinitely extended plane
waves cannot exist). However, approximate or imperfect Bessel beams of finite
transverse extent can be excited by different means, displaying not an infinite but
an extremely elongated focal line.

In optics, Bessel-like beams are usually formed by focusing a Gaussian beam
by an axicon (McLeod, 1954), a transparent refractive element of conical shape,
as shown in Fig. 4.1 (a). The beam in propagation through the axicon acquires
linearly tilted (conical) wave-fronts, which results in an elongated focus behind the
axicon. As the axicon is not infinitely extended in transverse space, the resulting
Bessel beam is not perfect, and displays a focal line of finite extent. Optical Bessel
beams have been also obtained by acoustic gradient index lenses (McLeod et al.,
2006). In electromagnetism, Bessel-like beams have been generated from a sub-
wavelength aperture by adding a metallic circular grating structure in front of the
aperture (Li et al., 2009). Such imperfect Bessel beams find multiple applications,
e.g. in optics for laser inscription of patterns deep into transparent materials, or
for etching of deep narrow holes in laser manufacturing of opaque materials, among
others (Duocastella et al., 2012; Matsupka et al., 2006; Fahrbach et al., 2011).

In acoustics, Bessel beams of sound waves were also reported (Hsu et al., 1989a;
Lu et al., 1990a), however are still not so broadly applied as in optics, which
is perhaps related with the lack of convenient techniques of formation of such
kind of acoustic waves. Acoustic Bessel beams have been excited using acoustical
axicons (Katchadjian et al., 2010), in analogy to the optical case. However the
most convenient way to form acoustic Bessel beams is by using annular transducer
arrays (Masuyama et al., 1999). Related theoretical studies include the scattering
of Bessel beams by spheres (Marston, 2007b), nondiffracting bulk-acoustic X waves
(Salo et al., 1999) or non linearly generated Bessel beams of higher harmonics (Ding
et al., 2000a; Cunningham et al., 2000a). More recently, ultrathin planar acoustic
metasurfaces by coiling up space have been proposed to generate acoustic Bessel
beams (Li et al., 2012).
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4.2 Generation of Zero th-order Bessel beams by
axisymmetric gratings

The present work proposes and demonstrates a technique for acoustic Bessel-like
beam formation using a structure made of concentric tori of circular section,
called here rings for simplicity. We show that, under specific conditions, part
of a diffracted wave collimates, producing an elongated focus. Moreover, differ-
ent diffraction orders can result in different elongated foci, as illustrated in Fig.
4.1(b). In the present work we demonstrate the feasibility of this idea by analytical
estimations, numerical simulations and experiments. A simple analytical model
based on an approach of axisymmetric diffraction gratings is used to estimate the
focal positions and the extent of the focal line. Numerical calculations (using fi-
nite difference time domain (FDTD) techniques (Taflove et al., 2000)) of acoustic
waves propagating through such axisymmetric gratings were used to observe the
complete acoustic field. Finally, the experimental verification of Bessel-like beam
formation by an axisymmetric grating is reported.

Each element of the concentric ring structure is characterized by two param-
eters, (i) the toroidal radius, r,, and (i) the radius of the tube (circular sec-
tion), R,,. The rings in the axisymmetric grating have increasing toroidal radii as
rm = ma, where a is the separation between rings and m is an element index, as
shown in Fig. 4.1 (b). The continuity of the transversal component of the wave
vector at the interface between the free propagation medium and a linear diffrac-
tion grating with periodicity a, results in diffraction of normal incident plane waves
at diffraction angles given by

sin 3, = n\/a (4.1)

where A is the wavelength and n is the diffraction order. It is worth noting that
approximately half part of the diffracted radiation converges towards the symmetry
axis and the other half diverge. Resulting from the converging radiation, as it
follows from simple trigonometry considerations, each ring with major radius r,,
is mapped to a particular distance along the symmetry axis, given by

a

Falrm) = fm = "% 1—(’“)2 (1.2)

If the system of concentric rings extends from r; (toroidal radius of inner ring)
to rps (radius of outer ring) in the transverse plane, the focal line for the n-th
diffraction order will extend approximately from f,,1 to fnas. In a limiting case of
infinitely extended ring structure (r; = 0, rp; = 00) Eq. (4.2) predicts an infinitely
extended focus, similarly to that of an ideal Bessel beam.

First, we perform numerical simulations in order to explore the character of the
elongated focal line (also different foci) due to the axisymmetric diffraction. For
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Figure 4.1: Illustration of the formation of Bessel beam by an axicon resulting in imperfect
Bessel beam showing a focus-line of finite extent; (b) Illustration of the formation of Bessel-like
beams by a plane of concentric rings, where converging diffracted waves result in two elongated
foci.

that, we use a structure composed by a set of 50 concentric rings with constant
minor radius R = a/3, irradiated by a plane wave. We notice that this struc-
ture is much larger than that used in experiments (detailed below), therefore, the
Bessel-like features of focal line are more pronounced. For the numerical simula-
tions we calculate the wave propagation using the FDTD technique considering an
incident plane wave of unity amplitude, |py] = 1 Pa. Figures 4.2 (a) and 4.2 (b)
represent the frequency dependence of the on-axis amplitude and radial far field
amplitude respectively. Color map represents the amplitude of the acoustic field,
|p|, and continuous lines in Fig. 4.2 (a) show the predictions from Eq. (4.2) for
the cases m = 1 and m = 50 for the first three diffraction orders, n = 1,2, 3.
The focal spots appear at normalized frequencies a/\ = n, so the diffraction an-

124



4.2. Generation of Zero th-order Bessel beams by axisymmetric gratings

s

7 ’%

a/A

) 10 20 -1 -0.5 0 0.5 1
z/A sin ()

Figure 4.2: Map of acoustic pressure along the symmetry axis (horizontal axis) for varying
frequency (vertical axis). Analytical estimations from Eq. (4.2) of focal line extent from f,1 to
fnar are shown by solid white lines.

gles at these frequencies corresponds to £, = 7/2 (sin 8, = 1). With increasing
frequency, as shown in Fig. 4.2 (a), foci elongate corresponding to analytical esti-
mations by Eq. (4.2) (white lines in Fig. 4.2 (a)). The diffraction angle decreases
with the increasing frequency. Concerning the angular far field distribution shown
in Fig. 4.2 (b), excellent agreement between theory (Eq. 4.1) and numerical re-
sults are observed, where the characteristic rings appear in the far field pressure
distribution. Different maxima appear due to different diffraction order, as a con-
sequence of the focusing effect at near field due to the finite size of the structure,
in agreement with Fig. 4.2 (a).

Next, we analyze the acoustic field behind the axisymmetric grating for a
particular frequency corresponding to a = 1.033\. We study here the case when
only one focal line appears. Fig. 4.3 (a) shows the field distribution on axial
cross-section. The focus is substantially long, which is a signature of a Bessel-like
beam. The latter is proven and illustrated in Fig. 4.3 (b), where the transverse
field profiles at the indicated distance behind the ring structure is plotted and
compared with Bessel function.

Finally, Fig. 4.4 shows the intensity distribution along the symmetry axis for
two different frequencies: important to note that the intensity increases with dis-
tance until a maximum focusing distance, where it drops. The scattered energy
is proportional to the area between neighbouring rings. Henceforth, the acoustic
intensity along the focus increases with a linear trend overlaid of stray oscilla-
tions from f,1 to fnoar, as shown in Fig. 4.4. These oscillations are mainly due
to the finite size of the structure: the edges of the diffraction grating result in
fringes. The linear dependence of acoustic intensity along the focus is however
modified if the thickness of the rings depends on their radius (see the experiments
below). Moreover, the transmission efficiency of the structures is high as shown
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Figure 4.3: 2D pressure distribution for case of single focus (a = 1.03)) on a cross section along
the symmetry axis. (i) Inset shows axial cross-section of the pressure field at a distance z = 5\
(solid black) compared with Bessel beam (solid gray).

in Fig. 4.4, with a gain of amplitude g = |p|/|po| = 12.5 for a/A = 1.17 (red line)
and of g = 9.76 for a/A = 1.63 (blue line). We also note, that although the focal
lines associated with different diffraction orders partially overlap, the radiation
due to higher order diffraction clearly dominates in the interference picture being

the higher diffraction order presenting the biggest gain (see maximum values in
Fig. 4.2 (a)).

4.3 Experimental validation

For the experimental validation we designed a system composed by a set of 7
concentric rigid rings embedded in air. The rings are made of methyl methacry-

o
o

0% : : : —=
0 10 20 30 40 50
z/A

Figure 4.4: On-axis intensity for the cases a/\ = 1.17 (red line) and a/\ = 1.63 (blue line).
Dashed line is an eye-guide to show the linear dependence.
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late (plexiglass), which acoustic impedance is much larger than that of the air
(Zpleziglass/Zair ~ 6000); therefore, they can be considered acoustically rigid.
The variation of the toroidal radius in the structure is r,,, = ma, where a = 4
cm. The minor radius now is a function of the major radius, R(r,,), following a
hyperbolic secant profile like in the axisymmetric gradient index lens analyzed in
Ref. (Romero-Garcia et al., 2014). This profile slightly modifies the linear depen-
dence of the intensity along the focus because of the changing of the area between
the different tori. The hyperbolic secant used here increases the intensity of the
components at the end of the foci because the area between the external tori is
bigger than the area between the inner tori. In the same way, if the profile is
inverted, i.e. the area is bigger between the inner tori, then the near components
are increased. Therefore, as we want to show the elongated focus produced by
these structures, we use the hyperbolic secant profile with decreasing R with r,,,
in order to increase the far components. This profile produces clearer and bet-
ter reproducible diffraction pattern with smaller number of concentric rings. All
measurements were performed in anechoic chamber to avoid unwanted reflections.
The source was a loudspeaker radiating a sound wave with a white noise spectrum
placed at 1.5 m in front of the plane of concentric rings, a sufficient distance in
order to ensure that a nearly plane wave radiates the structure at the frequen-
cies of interest. A movable microphone located behind the structure recorded the
transmission spectrum. The experimental set-up is shown in Fig. 4.5 (a).

The quantitative study of Bessel-like beam formation is summarized in Figs.
4.5(b) and 4.5(c). Pressure color maps of Figs. 4.5(b) and 4.5(c) show the numer-
ical and experimental frequency dependence of the on-axis amplitude produced
by the used structure. In the experiment, we were able to measure frequencies
until 20 kHz (§ < 2.3), i.e. we could achieve Bessel beam formation by the first
diffraction order only. The expected dependence of the focal distance on frequency
(compare with Fig. 4.4) is also evident in both numerical and experimental plots.

We have also measured field cross-sections: an horizontal plane containing the
symmetry axis (see Figs. 4.6 (a-d)) as well as several axial cross-sections (see Figs.
4.6 (e-j)). We focused on two particular frequencies, 10 kHz (a/\ = 1.17) and
16 kHz (a/\ = 1.88) (indicated by white dashed-dotted horizontal lines in Figs.
4.5(b) and 4.5(c)). For the analyzed structure the frequency of 10 kHz is close to
the condition a/\ = 1, consequently, the first diffraction spot appears just behind
the structure (see white dashed line in Fig. 4.5(c) as a reference). However, the
frequency of 16 kHz produces the elongated focus or Bessel-like beam. These two
phenomena are both numerically and experimentally shown in Figs. 4.6(a)-(c) and
Figs. 4.6(b)-(d) with good agreement.

In order to see the symmetry quality of the beams produced experimentally,
we have also measured the axial cross-sections of the pressure field at different
z-positions for above discussed cases of 10 kHz and 16 kHz (Fig. 4.6(e)-(j)). In
both cases (i) the diffracted pattern is highly axisymmetric and (i7) the diffracting
broadening of the central beam, along the extended focus, is almost negligible.
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Figure 4.5: (Color online) (a) Experimental set-up. (b) Numerically calculated and (c) experi-
mentally measured maps of on-axis amplitude dependence for varying frequency (vertical). Solid
white lines indicate the extend of the focal line from analytical estimations using Eq. (4.2) for
f1(r1) and f1(r7). Dashed white lines represent the frequencies shown in Fig. 4.6
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Figure 4.6: (Color online) (a-d) Amplitude distributions in planes along the symmetry axis
r(z,x) obtained by numerical simulations (a, b) and experimental (¢, d) measurements for two
different frequencies, showing the formation of elongated foci. Experimental transversal ampli-
tude cross-sections (z,y) at different distances behind the ring structure, showing the formation
of the Bessel-like beam. (e-g) correspond to the experimental transversal planes at 10 kHz
marked with dashed lines in (c). (h-j) correspond to the experimental transversal planes at 16
kHz marked with dashed lines in (d).

The transversal profiles in Figs. 4.6(e)-(j) also illustrate the typical shape of the
truncated Bessel function. It is simple to predict the tendencies of the amplitude
distribution along the focus for such a small number of rings. The longitudinal
shape along the elongated focus seems to be not linearly increasing/sharply drop-
ping, but correspondingly smoother. This is due to the small number of rings in
the structure; also due to the difference in thickness of the rings.

4.4 Conclusions

Concluding, we have demonstrated the principle of Bessel-like focusing in a system
of concentric rigid rings. Although the size of experimental system was reduced
(to 7 rings), the main properties of the Bessel beam formation were demonstrated:
the elongated foci along the symmetry axis, the Bessel-like distributions of the
field in axial cross-sections, and the expected dependence of the focal distance
with the frequency. The Bessel beam formation can be substantially improved, as
follows from numerical calculations with larger number of rings.

For technical applications, the Bessel beam formation can be modified and
improved, according to specific needs, by some means as for example: (i) the use
of not toroidal rings, but rather the ones with more sophisticated shapes, which
would favor the converging part of the diffracted wave (i.e. to convert into Bessel
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beams nearly all radiation (note that the rings can converge as maximum the
half of initial radiation); (#¢) the use of a ring structure of adequate thickness
which would allow tailoring the longitudinal profile of the focus, according to the
requirements; (i4¢) modifying the radii of the rings (making the radii incrementing
not linearly) which is another parameter allowing the engineering of the focusing,
and allowing to optimize the focal structure; finally (iv) by using multiple layers
of rings at equidistant separations along the symmetry axis one could not only
enhance the effect, but also introduce another possibility of tailoring the focal
spot, as the interference from different planes will come into play.
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Chapter 5

Nonlinear Focused Beams by
Axisymmetric Gratings

Abstract

Previously, we presented the diffraction of waves on axisymmetric
uniform gratings can conform a Bessel beam. Here, the spacing be-
tween slits is designed in order to provide focusing as in Fresnel Zone
Plates. The device presents a very narrow focal spot, that is between
the sub-diffraction and the sub-wavelength limits. As common from
other Fresnel-like lenses, and also in Bessel beams, the narrow focal is
accompanied by high amplitude side lobes. The lens presents high gain,
around 30 dB. Thus, nonlinear effects can mainly activated locally at
the focal spot. The field of the second harmonic maintain the excel-
lent beam-width of the Fresnel lens, while its side-lobes are strongly
reduced. The proposed lens in the weakly nonlinear regime is suitable
for second harmonic imaging techniques: the excellent beam spatial
resolution of the second harmonic is maintained, while the side-lobe
amplitude, responsible of signal-to-noise ratio, is reduced.
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5.1 Introduction

Acoustic focusing is an interdisciplinary topic covering a rich set of applied sciences
that include nondestructive testing and acoustic microscopy techniques, detection
of fish and undersea exploration, ultrasound and elasticity diagnostic imaging or ul-
trasound therapeutic techniques among others. Particularly interesting is the fact
that focusing results in high intensities at a specific location and over only a small
volume, triggering nonlinear acoustics effects and enhancing specific mechanical
and thermal effects. Mechanical phenomena include cavitation, microstreaming,
and acoustic radiation forces while the thermal effects include heat generation due
to acoustic energy absorption.

These nonlinear effects are exploited by a broad range of applications. In
ultrasound medical applications second harmonic generation is widely used in har-
monic imaging techniques as in Tissue Harmonic Imaging (THI) (Averkiou et al.,
1997), microbubble cavitation processes are commonly used for increase contrast
in ultrasound imaging (Duck, 2002), to induce mechanical interaction with the
surrounding tissues in ultrasound-enhanced drug delivery techniques (Bailey et
al., 2003) or for noninvasive blood-brain barrier opening using focused ultrasound
(Choi et al., 2007). Acoustic radiation forces are exploited to map media elasticity
in ultrasound elastography techniques such as in Shear Wave Elasticity Imag-
ing (SWEI) (Sarvazyan et al., 1998), Acoustic Radiation Force Impulse imaging
(ARFI) (Nightingale et al., 2002), Harmonic Motion Imaging (HMI) (Konofagou
et al., 2003) or in Supersonic Shear Imaging (SSI) (Bercoff et al., 2004). Moreover,
at high intensities nonlinearity increase energy deposition rate, that is exploited in
High Intensity Focused Ultrasound (HIFU) for enhancing thermal ablation (Bai-
ley et al., 2003). Finally, in the case of Shock Wave Lithotripsy (SWL) acoustic
pulsed-shock waves are focused to produce high-amplitude localized shear stresses
and induce calculus fragmentation, as widely used for kidney stone treatments
(Bailey et al., 2003). In all of these techniques, the design of devices to easily
manage the focusing properties and the enhancement of the focal gain is of pivotal
importance.

Acoustic focusing can be achieved by arrays of transducers where the beam
focusing and steering can be controlled actively, where its focusing performance
is limited by the number of active channels. It is attractive the design of passive
acoustic focusing devices in order to reduce costs.

Generally, there are four main different procedures to generate strongly focused
acoustic field by passive devices: by optimizing the geometry of the transducer, by
using refraction lenses, by using reflective systems or by using diffraction gratings.
The most common approach is to use curved shaped radiation surfaces. These
can be made by curved bowl single element piezoelectric transducers, but also
from different arrangements of small plane transducers distributed over a curved
surface and excited in-phase. Curved acoustic lenses made of different refraction
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index material are also common, as long the lens is also used as an impedance
matching layer between the active element, and the surrounding media. However,
the transmission efficiency of these lenses is strongly reduced because the contrast
of refraction index between the lens and the surrounding media is remarkable. On
the other hand, focusing can be achieved by curved reflectors, e.g. elliptic reflectors
in SWL. Due to the low dispersion of the acoustic media, all these focusing devices
based on refraction, and also based on reflection of curved surfaces, present the
feature that focusing does not strongly depends on frequency and therefore are
suitable for impulsive excitations. However, in these devices, in which the focal
sport is limited by the diffraction limit (Rayleigh criterion), the focal size is larger
than one wavelength, i.e. the focal resolution is bigger than the sub-wavelength
regime.

The last group of passive devices to generate strongly ultrasound focusing is
based on the diffraction grating. The diffraction of waves on flat grating plates have
been proposed as acoustic analogues of the Fresnel Zone Plates (FZP) (Farnow
et al., 1974; Sleva et al., 1994; Schindel et al., 1997; Wang et al., 2008). As
in optics, acoustic Fresnel Zone Plates consist of alternating rigid (opaque) and
open (transparent) annuli. The radius and width of the open annuli are specially
designed to only transmit the waves that constructively interferes at focus, while
the radiation that destructively interferes is blocked by the rigid annuli. There
exist other approaches that exploit the diffraction over concentric ringed-shaped
structures to achieve focalization. These include axisymmetric gratings based on
Fresnel Zone Plates in which the area of the annuli is not equal for opaque and
transparent zones (Clement et al., 2015) or acoustic Fresnel lenses that exploit
resonances to enhance the transmission (Molerén et al., 2014).

It is worth noting here that the diffraction grating over equally spaced toroidal
scatters, as those presented in Chapter 4, can generate Bessel beams at the axis
(Jimenez et al., 2014). This approach is roughly equivalent to the Bessel beams
created by annular piezoelectric annuli (Hsu et al., 1989b). A characteristic feature
of Bessel beams is that the transverse beam-width can be reduced below the sub-
wavelength limit. However, these beams present also high amplitude side-lobes.
Thus, when used for imaging, these devices provides high spatial resolution but
low signal-to-noise (S/N) ratios (Lu et al., 1990b).

As soon as high amplitudes are applied to these focusing devices, it is well-
known that the second harmonic field is generated mainly around the focal spot
due to the local activation of the nonlinear response of the media. The focus of
the second harmonic has reduced side-lobes as long the nonlinear processes are
mainly activated at the focal spot (Duck, 2002). In the case of ideal Bessel beams,
it has been observed a reduction of half intensity of the side-lobe amplitude for
the second harmonic component (Ding et al., 1996), while its transverse profile
is reduced to the half, i.e. exactly maintain its narrowness if normalized to the
wavelength (Ding et al., 2000b). These effects have been also observed in more re-
alistic configurations including absorption (Cunningham et al., 2000b) and limited
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Figure 5.1: (a) Scheme of the passive focusing device composed of concentric rings. (b) Simu-
lation example of focusing by this device.

aperture Bessel beams (Holm et al., 2010). Recently, the reduction of side-lobes of
second harmonic has been observed for a focused Fresnel field, where the focaliza-
tion, instead of passive lenses, has been achieved by active Fresnel beamforming
in the context of second harmonic imaging (Nguyen et al., 2014).

In this Chapter, we present the acoustical focusing properties of an axisym-
metric diffraction grating in both the linear and the nonlinear regime. We show
that in the linear regime the system presents a focal spot in the sub-wavelength
regime with high gain, around 30 dB, with relative high amplitude side-lobes. In-
terestingly, nonlinear effects can be excited locally mainly at the sharp focal spot.
Thus, in the nonlinear regime the high intensity at the focal spot activates the
harmonic generation, producing a focus of the second harmonic with particular
spatial features. Mainly, second harmonic beam-width is between sub-diffraction
and sub-wavelength limits, but having strongly reduced lateral lobes.

We demonstrate these results by analytical estimations, numerical simulations
and experiments. A simple analytical model based on an approach of axisymmet-
ric diffraction gratings is used to estimate the focal positions and the extent of the
focal spot. Numerical calculations (using finite-difference time domain (FDTD)
techniques (Botteldooren, 1995)) of acoustic waves propagating through such ax-
isymmetric gratings were used to observe the complete acoustic field in both the
linear and the nonlinear regime. The experimental verification of the theoretical
prediction is also reported showing very good agreement with the theory.
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5.2 Axisymmetric diffraction grating design

We consider M concentric toroidal scatterers of minor radius R and major radius
rm withm = 1,..., M. A detailed scheme is presented in Fig. 5.1 (a). A plane wave
radiates the axisymmetric grating and as a consequence it is scattered. We consider
that R is small in comparison to the wavelength of the incident wave, in such a way
that each scatterer can be considered as a point source. Then, in order to have an
optimal superposition at a given focal point, F', behind the axisymmetric grating,
all the incoming waves should arrive precisely in phase to F'. This suggests an ideal
axisymmetric grating would consist of a series of infinitesimal toroidal scatterers
located in a plane at radial distances given by the geometric focal law

T2 =T 4 nA (n)\+2\/r72n+F2>, (5.1)

where n indicates the diffraction order of the axisymmetric diffraction grating.
Equivalently, given the distribution of toroidal scatterers, r,,, the focal position
can be determined by the following expression,

T2 =712 n\ ?
F:\/<+21n)\—2> —7r2,. (5.2)

Here, it is important to note the relation of Eq. (5.1) to the standard Fresnel
Zone Plate. As explained above, FZP consist in alternating opaque and open
annuli. The location of the edges for the m zone is given by

RE
r. \/< ro+F2+m2> - F2, (5.3)

The location of the center of each annuli in the standard FZP is given by
(Clement et al., 2015)

7"m=\/(\/7“0-1‘71:‘24-171)\)2—F27 (5.4)

which gives same radial distribution of the toroidal rings as the succession obtained
by diffraction grating in Eq. (5.1) if the proper first toroidal radius is matched for
both lenses. On the other hand, in the work of Clement et al. (2015) they study a
lens formed by slits of different thickness located at r,,, while in the present work
we used rigid scattered located at r,,. Following Babinet’s principle considerations,
both approach can be considered equivalent.

Figure 5.1 (b) presents a simulation example of the focalization. As long the
separation between the external rings is about one wavelength, it can be seen qual-
itatively the focusing of the system, the focal spot and the good spatial resolution
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Chapter 5. Nonlinear focused beams by axisymmetric gratings.

Figure 5.2: (a,c,d) Design of the axisymmetric grating plate. (b) Image of the constructed
grating mounted over a plane piezoelectric transducer of 50 mm aperture.

compared to the wavelength. In the following sections a further analysis of the
focusing quality of this design is presented.

5.3 Small amplitude focusing

An experiential test was performed in order to validate model results. Following
the design Eq. (5.1), an axisymmetric grating was designed by using a focal dis-
tance of F' = 15 mm and focal frequency fy = 2.29 MHz. The passive system
was fabricated by laser cutting over a stainless steel plate of 0.8 mm thickness.
Figures 5.2 (a,c,d) show a scheme of the axisymmetric grating. The minor radius
of the toroidal scatterers was R = 0.75 mm (solid parts). The number of rings was
M = 21 and the grating total radius was r; = 25 mm.

The axisymmetric grating lens was placed in front of an ultrasound plane trans-
ducer as shown in Fig. 5.2 (b). This source was formed by a plane single element
piezoceramic crystal (PZ 26, Ferroperm Piezoceramics, Denmark) mounted in a
custom designed steel housing with aperture R = 25 mm, matching the area of
the grating. The separation distance between the grating and the source plane
was adjusted to 0.5 mm.
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5.3. Small amplitude focusing

The assembled grating-transducer system was immersed in a degassed and
distilled water tank of 350 x 350 x 350 mm?, the temperature of which during
the measurements was constant at 26 °C. The source was driven with a sinusoidal
sweep burst ranging from frequency funin = 1 MHz to fiax = 3 MHz and 50
cycles using a function generator (14 bits, 100 MS/s, model PXI5412, National
Instruments) and a linear RF amplifier (ENI 1040L, 400W, 55dB, ENI, Rochester,
NY). The pressure waveforms were acquired with a HNR 500 pm needle PVDF
hydrophone (Onda Corp, CA), and a digitizer (64 MS/s, model PXI5620, National
Instruments) were used. A three-axis micropositioning system (OWIS GmbH,
Germany) was used to move the hydrophone in three orthogonal directions with an
accuracy of 10 pm and a National Instruments PXI-Technology controller NI8176
was used to control all the devices. The amplitude frequency response of the
hydrophone was compensated in post-processing.

In addition to measurements, we perform numerical simulations in order to
explore the linear character of the designed axisymmetric diffraction grating. For
the numerical simulations we calculate the wave propagation using the FDTD
technique considering an incident plane wave of unity amplitude, pg = 1 Pa. From

-15 -10 -5 0 5 10 15

-15 -10 -5 0 5 10 15
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Figure 5.3: Field distribution for four different frequencies obtained by the experiment. It can
be seen how the focal spot displaces in the axial location.
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Figure 5.4: On axis field distribution as a function of frequency obtained by (a) simulation
and (c) experiment. White lines indicates theoretical focus by using Eq. (5.2). Transverse field
distribution measured at the focal spot axial distance as a function of frequency obtained by
(b) simulations and (d) experiment. White lines mark the sub-wavelength and blue lines the
sub-diffractive limit.

now we will show the results in normalized units. Distances will be normalized
with respect to the wavelength, A, and in the case of the distances in the symmetry
axis will be referred to the focal distance F'; frequencies will be normalized to the
design frequency, fy.

Figure 5.3 shows the experimental pressure distribution for different frequencies
around the design frequency fo = 2.229 MHz. It can be seen that a sharp focusing
is observed for the design frequency. Furthermore, if frequency is modified the focal
position displaces in the axial direction according to Eq. (5.2). In these cases, some
focus aberration appears as long the design model holds exact only for the design
frequency (Fig. 5.3 (b)). However, the focal spot maintains its shape and focusing
properties for a reasonably bandwidth that we will study in the following sections.

The axial pressure distribution as a function of frequency is presented in
Fig. 5.4 (a) for the simulations and Fig. 5.4 (c) for the experiment. Note that, due
to the finite bandwidth of the ultrasonic source, in the experimental measurements
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Figure 5.5: (a-d) On-axis pressure measured for the frequencies f = 2,2.2,2.5,2.9 MHz respec-
tively obtained by (doted lines) experiments and (continuous lines) simulations.

the characterization is restricted to a frequency range covering the first diffraction
grating mode, i.e., n = 1, while in the simulations the characterization is extended
for frequencies covering up to n = 3 diffraction orders. White dotted line repre-
sents the curves obtained from Eq. (5.2) for two different pairs of m, (m = 1 and
m = 21), the crossing of this line represents the focal point. The agreement with
the numerical simulation is very good. Moreover, one can see that although the
lens is designed to focus waves in the point F' at frequency fj, the lens produces
a focal shift with frequency giving the possibility to manage the position of the
focus with frequency. However, as we will see later, the gain at focal spot changes
considerably with frequency. Finally, we notice that as we increase frequency in
the simulations new focal spots are generated for the higher diffraction grating
orders. according to Eq. (5.2).

Figures 5.4 (b, d) represents the radial distribution of the normalized acous-
tic field at the position of the focal spot: Fig. 5.4 (b) shows the simulation while
Fig. 5.4 (d) shows experimental results. Figures 5.4 (a, ¢) represents the equivalent
radial distribution to the results of Figs. 5.4 (b, d) respectively. We can observe
a main lobe aligned with the center of the axisymmetric lens. Secondary smaller
lobes also appears. We also represent the the theoretical Full Width at Half Max-
imum (FWHM) corresponding to (dotted white lines) sub-wavelength (< ) and
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Figure 5.6: (Left) Location of the focal obtained by (dotted lines) experiments and (continuous
line) simulations. (Right) Gain value obtained by (dotted lines) experiments and (continuous
line) simulations. Markers (a-d) corresponds to the frequencies f = 2,2.22.5,2.9 MHz respec-
tively.
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(dashed blue lines) subdiffractive (< A/2) limits respectively. At first glance, we
can observe that in both, simulations and experiments, the width of the focal spot
between the sub-diffractive and sub-wavelength regime, overcoming the diffraction
limit. A deeper analysis is presenter later.

In order to see the agreement between experiments and theory, we have plot-
ted in Fig. 5.5 the longitudinal cuts of the normalized acoustic pressure for the
cases [ = 2,2.2,2.5,2.9 MHz, in the subplots (a-c) respectively. Continuous line
represents the numerical predictions while dashed lines show the experimental re-
sults. Good agreement is seen in all cases, where again it can be seen how the
focal spot is shifted in axial direction for increasing frequencies. The shifting of
the focal position can be seen in detail in Fig. 5.6 (left), where it is represented
the location of the peak pressure for the (continuous line) simulations and (dashed
lines) experiment. Excellent agreement is observed between them. The frequencies
corresponding to f = 2,2.2,2.5,2.9 MHz, are marked as the points (a-c).

In order to evaluate the focusing capability of the axisymmetric grating we
are discussing in this work, we have analyzed the gain of the lens evaluating the
expression G = 2010g (|pmax|/|po|) [dB], where pmax is the pressure at the focal
point and |po| is the incident wave pressure amplitude. Figure 5.6 (right) shows the
gain numerically evaluated (continuous line) and experimentally measured (dotted
line). For the design of this lens with M = 21 scatterers, the gain is 20 dB. We
notice that this gain is constant around f/fy = 1, so the focusing properties of the
axisymmetric lens is robust in terms of frequency, i.e., it is insensitive to possible
errors in frequency around f/fy = 1.

Figure 5.7 (left) goes further and shows a general overview of the gain of a lens
designed with the Eq. (5.1) as the number of toroidal scatterers, M is increased.
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Figure 5.7: (Left) Simulated gain value measured at the design frequency for different grat-
ings, as a function of the number of rings, M, and the design focal distance, F. (Right) Full
Width at Half Maximum (FWHM) obtained by (dotted lines) experiments and (continuous line)
simulations, measured at the half pressure.

By using double number of toroidal scatterers, M = 42, the gain of the system can
be increased to 34 dB. We notice that this amount of gains are competitive with
the usual systems used in high intensity focused ultrasound (Canney et al., 2008),
but note we can achieve these values for very short distances. It is worth noting
here that we can achieve these high gains at very short focal distances, of the
order of wavelength. This property is almost impossible with with other common
passive devices due to geometrical limitations. A further discussion is reported in
the Conclusions section.

Finally, we have analyzed the Full Width at Half Maximum (FWHM) of
the radial dimensions of the focal spot in the whole range of frequencies. Fig-
ure 5.7 (right) shows the (continuous line) numerical predictions and the (dotted
line) experimental results for the FWHM. The axisymmetric lens presented in this
work, shows a sub-wavelength full width at half maximum, i.e., FWHM < A, for
the whole range of analyzed frequencies. We also calculated the FWHM evaluated
from the intensity data, i.e. the with of the spot at p = pmax/v2. Obviously
the width of the focal evaluated by intensity is thinner but the same concussions
applies here: the central radial lobe corresponding to the focal spot is always be-
tween the sub-wavelength regime and the diffraction limit. This feature can be
also observed by the white dashed lines in the maps shown in Figs. 5.4 (b, d).
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5.4 Transition from linear-to-nonlinear focusing

Now we start the study of the transition from the linear- to the nonlinear focusing
of the axisymmetric grating by increasing the amplitude of the incident plane wave.
The piezoelectric transducer is excited with an amplitude in which its behavior can
be considered linear in the range of frequencies from 0.5f/fy to 1.5f/fo. In this
range of frequencies we reproduce the same acoustic pattern as in the linear (small
amplitude excitation) regime showing the focal spot at f/fo = 1 and at z = F,
as shown in Fig. 5.8 (a). However, now we can clearly see that the focal spot has
contributions fro the double frequency f/fo = 2, i.e., at the second harmonic of the
fundamental wave. The high amplitude around the spot generated at frequency
f/fo = 1 activates the harmonic generation due to the nonlinearity of water,
activating the contribution from f/fy = 2 due to the high amplitudes around the
focal spot.

The focal spot generated by this nonlinear effect presents a spatial acoustic
profile with different properties than the focal spot of the fundamental mode.
Because of the local nonlinear generation of this spot, the longitudinal profile
presents smaller lobes than in the case of the spot of the fundamental frequency.
Figure 5.8 (b) shows the comparison between the experimental longitudinal profile
for (continuous line) first harmonic and (dashed line) its corresponding second
harmonic.
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Figure 5.8: Weakly nonlinear experimental measurements of the grating. (a) On-axis field
distribution as a function of the frequency. (b) On-axis field distribution for the second harmonic
for three frequencies, marked by the arrows in (a). Experiments (Red dotted line) and simulation
(continuous line).
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5.5. High intensity regime

5.5 High intensity regime

We explore the high amplitude regime by using nonlinear simulation methods
based also in FDTD technique, as used previously in Chapter 3. The simulations
assumed perfectly rigid scatters over a cylindrical axisymmetric coordinate system,
where the nonlinearity is only present on the bulk of the fluid, in this case we
assumed water, with parameters: 8 = 14 B/2A = 3.5, density pp = 1000, sound
speed ¢g = 1500.

An overview of the device focusing for increasing source amplitude is shown in
Fig. 5.9. The source amplitude is expressed as the normalized quantity F/xs, being
x5 = 1/kef the shock formation distance with k the wavenumber, € the acoustic
match number and 5 the parameter of nonlinearity. In Fig. 5.9, we show the axial
peak pressure distribution, i.e. the maximum of the nonlinear waveforms, |p|™,
and the minimum rarefaction distribution, |p|~. On the other hand, in Fig. 5.10 it
is shown the lateral pressure distribution corresponding also to |p|™ and |p|~ for
the same range of excitation amplitudes.

The main nonlinear effects in the field distribution in high intensity focused
ultrasound can be observed here. The effective gain of the system, the peak
value corresponding to pmax/po, is extraordinary increased from the linear value of
p/po = 39 (32 dB), to |p|™ /po = 92 (39 dB) in the case of very strong nonlinearity.
Thus, as peak pressure grows locally at the focus, the focal width stretches in both
axial and lateral dimensions. In addition, the relative amplitude between the peak
pressure and its lateral lobes is strongly increased.

In Figure 5.11 we illustrate the pressure distribution for 4 different source

Flz,=0
100 F/a, = 0.02
F/z, = 0.02
F/a, = 0.02
F/z, = 0.02
] F/z, = 0.06
- 50 Ip|* F/z, = 0.08
SY F/zy,=0.1
E F/a,=0.12
F/z, = 0.14
0 3 F/z,=0.18
F/zs=0.2
_ Flz, =022
|| F/z,=0.26
_50 N N N F/a:b =0.28
-10 -5 0 5 10 Ffz, =03

(z—=F)/\

Figure 5.9: Axial simulated pressure profile for the positive envelope (|p|*) and for the rarefac-
tion minimum distribution (|p|~). Different excitation amplitudes are marked as different color
lines.
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Figure 5.10: Transversal simulated pressure profile for the positive envelope (|p|™) and for the
rarefaction minimum distribution (|p| ™). Different excitation amplitudes are marked as different
color lines.

amplitudes, being F/z, = 0.02,0.16,0.260.3 from low to high amplitude. The
above described effects can be observed. The axial field distribution corresponding
to these amplitudes can be observed in Fig. 5.12, where the amplitude of the first
and second harmonic is extracted. It can be seen that the amplitude of the first
harmonic is slightly reduced for increasing amplitudes and the second harmonic
field grows locally at the focal spot.

The locally nonlinear generation of the higher harmonics contributes to modify
the waveform, shown in the corresponding subplots of Fig. 5.12. Here, the char-
acteristic shape of nonlinear focused waveforms can be observed, reaching a peak
pressure of [p|* = 126 MPa and a rarefaction pressures of [p|™ = —36 MPa. These
peak pressures are of the order of those used in medical therapy applications for
thermal ablation, with the rarefaction pressure close to the cavitation threshold of
the water at room hydrodynamic pressure and temperature! (Caupin et al., 2006).

INote the cavitation threshold strongly depends of the dissolved oxygen content and bubbles
in general of the water.
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Figure 5.11: Field distribution for increasing amplitude excitation. (Left column) pressure pro-
file for the positive envelope (|p|*) and (right column) for the rarefaction minimum distribution
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Figure 5.12: Axial field distribution for four increasing amplitudes, being F/zs =
0.02,0.16,0.260.3 from low to high amplitude. (Black lines) full envelopes |p|* and |p|~, (blue)
fundamental harmonic component and (red) second harmonic field distribution. The inset shows
the corresponding waveforms measured at the focal in physical units.

Finally, from all these the simulation data, the nonlinear dependence of the
focusing parameters of the grating is calculated and presented in Fig. 5.13. In
first place, the nonlinear gain of the system is shown in Fig. 5.13 (a), where it is
plotted the gain for the full peak amplitudes (|p|™/po and [p|~/po), and also the
corresponding gain for the first, second and third harmonics. It can be seen that
the nonlinear effects dramatically increases the peak pressure gain due to the strong
asymmetry of the waveforms. In the same way, the gain for the rarefaction pressure
decreases with excitation amplitude also due to the asymmetry of the nonlinear
distortion at focus (see insets in Fig. 5.12). The gain for the first harmonic is
almost constant, around 40 dB, but it slightly reduces for increasing amplitudes
as long energy is transferred to higher harmonics. Finally, the gain for second and
higher harmonics increases. In the case of second harmonic it varies from 0 to
about the half of the linear gain of the system.

There exist also a nonlinear focal shift in the location of the peak pressure,
shown in Fig. 5.13 (b). Thus, as the source amplitude is increased the location
of the peak pressure is displaced in the axial direction beyond the linear focal
position, a self-defocusing effect is observed. On the other hand, for the case of
the rarefaction pressure it appears a nonlinear self-focusing effect, i.e. the focal

148



5.5. High intensity regime

100
........ Gt ........p+
——-a 06} ——-p

1
80 G s
. '3

=} 60 ’ ; 04 ’_/FJ

) S -

~ —_

_é _____ | _///

) 202

—— X
20
0
0
0 0 02 0 0.1 0.2
Flxs Fla
0.5 0.4
‘\‘b’—/—
0.4 T 035}~
= ‘ q
Eos 3 03
=
9 . =
0.2 T 0.25
-------- full .
—D N
D2
p3
0.1 0.2
0 0.1 0.2 0 0.1 0.2

F/z Fja,

Figure 5.13: Focal characterization in the nonlinear regime. (Up left) Effective gain obtained as
[Pmax|/po as a function of the normalized excitation amplitude. (Up right) Location of the peak
pressure. (Bottom left) Intensity Full Width at Half Maximum (FWHM), also normalized by the
harmonic index. (Bottom right) Side lobe amplitude as a function of the excitation amplitude.

displaces towards the source. Both effects can be related to nonlinear self-refraction
of the beam in the focal spot (Camarena et al., 2013a). However, due to the low
focal size of this strongly focused device (Camarena et al., 2010) these effects are
minor and the total displacements are not longer that \/4.

We have analyzed the FWHM of the several harmonics as the amplitude of the
incident wave in increased. Figure 5.13 (c) shows the dependence of FWHM on
the amplitude of the incident wave, measured again in terms of the shock distance
normalized to the focal position in the linear regime, F'. FWHM is constant for
both the fundamental and the second harmonic focal spots, note here that the
second harmonic focal size is effectively half of the size of the fundamental wave,
but we show the value normalized to its wavelength. It is worth noting here, that
as the nonlinearity of the medium is activated, the focal spot considering all the
components, decreases dramatically its FWHM because of the strong asymmetry
of the waveforms only at the focal spot.
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Finally, we can compare the different transversal profiles and observe the reduc-
tion of the side lobes of the second-and-higher harmonic profiles. The numerical
results show the highly reduced lobes around the focal spot both in the radial
and in the longitudinal directions. This effect is caused by the locally generation
of the field only at the focal spot, where in the other hand, the nonlinear (local)
harmonic generation at the lateral lobes is reduced due to its low amplitude. It is
worth noting here that the reduction does not strongly depends on the excitation
amplitude: very weak nonlinear effects are enough to provide second harmonic
side-lobe reduction.

5.6 Conclusions

We have presented a characterization of the focusing properties of an axisymmetric
grating constructed by toroidal scatters. The design is equivalent to a binary
Fresnel lens of infinitesimally thicker slits. We demonstrated experimentally and
numerically that the device presents a very narrow focal spot, that is between the
sub-diffraction and the sub-wavelength limits. As common from other Fresnel-
like lenses and also in Bessel beams, the narrow focal is accompanied by high
amplitude side lobes. On the other hand, the confined focal provides strong energy
concentration over a small volume. Thus, nonlinear effects can be mainly activated
locally at the focal spot, and second harmonic is generated mainly there. In
this way, the field of the second harmonic maintain the excellent beam-width of
the Fresnel lens, while its side-lobes are strongly reduced. The proposed lens in
the weakly nonlinear regime is suitable for second harmonic imaging techniques:
the excellent beam spatial resolution of the second harmonic (normalized to the
wavelength) is maintained, while the side-lobe amplitude, responsible of signal-to-
noise ratio, is reduced.

Another important feature is related to the energy concentration of the system.
In the proposed system, an amplification of the incident field up to 30 dB has
been observed numerically and experimentally. A parametric study shows that
amplification values up to 35 dB can be also obtained if the number of rings, i.e.
the aperture, are increased to M = 50.

Finally, it is worth noting here that the device is designed for single frequency
operation. The chromatic aberration for frequencies around the design frequency
is not strong: for a relatively broad bandwidth, around one octave, the main
observed effect in simulations and experiments is a focal shift. The focal spot shifts
in the axial direction and the displacement can be estimated analytically. For the
presented device a focal displacement of about 30 wavelengths has been observed in
the frequency range studied. The gain also is modified by the chromatic aberration,
but notice that these variations can be compensated by signal processing. In this
way, the focal aberration provides a way to actively change the axial location of
the sharp focus if the passive device is excited by a frequency modulated signal.

150



5.6. References

Thus, it can provide a cheap alternative to ultrasound imaging techniques that
requires a fast intense moving focal, as in Supersonic Shear Imaging.
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Chapter 6

Chiral Beams

generated by Spiral Gratings

Abstract

Previously, zeroth order Bessel-like beams have been generated by
axisymmetric diffraction gratings. Here, we report the generation of
high order Bessel beams by the diffraction of plane waves over spiral
shaped scatters. The acoustical beam vortex structure is analyzed and
a method for generate arbitrary order Bessel beams based in multiple
arms spirals is presented. A passive device is experimentally tested
in the ultrasound regime and a first order Bessel vortex beam is ob-
served. Simulations in the weak nonlinear regime are also included
where the conservation law for the ratio between the topological charge
of the beam and the generated harmonic order is proved. This novel
technique can be used to generate cheap lenses for acoustic particle
manipulation and acoustic radiation force applications.
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6.1 Introduction

In the previous Chapters (4, 5) the diffraction generated by axisymmetric struc-
tures is analyzed for generate Bessel beams and strongly focused beams. Many
of these axisymmetric structures, matching its symmetry with the usual sources,
have been proposed for the control of the acoustic field. thus, zeroth-order Bessel-
like beams can be generated by these structures in Bragg regime (Jimenez et al.,
2014). In the long-wavelength limit, GRaded INdex (GRIN) lenses amplify the
field in the axis (Romero-Garcia et al., 2013; Molerén et al., 2014). In all of these
configurations the scattered field maintain the axisymmetry of the lenses.

Zeroth-order Bessel beams, as those reported in Chapter 4, present a maximum
of the field trough the axis. On the other hand, higher-order Bessel beams exhibit a
minimum of the field at the axis. Both, zeroth and higher Bessel beams propagates
in free space without any diffraction spreading, as long they are propagation-
invariant solutions of the Helmholtz equation (Durnin et al., 1987). Both types
of beams are characterized by the appearance of high amplitude concentric rings
surrounding the axis that its transverse profile follows a [th-order Bessel function.
Is important to note also that the magnitude of the spatial spectrum of these
beams does not depends of the order of the beam, i.e. in the far field all Bessel
beam is characterized by a annular radiation. In other words, all Bessel beams can
be generated by a conical wavefront of infinite extension. The difference between
zeroth and higher order Bessel beams is that for higher order Bessel beams the
azimuthal phase shows a linear variation across its annular spectrum. Thus, the
central zero in the axis of the higher-order Bessel beams that appears in the near
field is caused due to the phase singularity of charge [ associated with the azimuthal
phase variations.

In this way, high order Bessel beams generates acoustical vortices with a spatial
phase dependence that cannot be generated by axisymmetric radiating sources. In
optics, different solutions have been proposed to break the axial symmetry in an
appropriate way to generate vortices. These methods include direct Gaussian beam
illumination by use of axicon-type computer generated holograms (Vasara et al.,
1989; Heckenberg et al., 1992) or illuminating an axicon with a Laguerre-Gaussian
mode (Arlt et al., 2000). Another solution is to impose an azimuth-dependent
retardation on the optical field with Spiral Phase Plates (SPP) (Oemrawsingh et
al., 2004). A diffraction grating with groove bifurcation (called ”fork”) is also able
to generate a vortex from an optical beam falling onto the grating center with an
arbitrary topological charge (Bekshaev et al., 2008).

Although phase dislocations were first studied in acoustics (Nye et al., 1974),
the related experimental works have been developed lately. The acoustic analog of
optical Spiral Phase Plates was proposed by Hefner et al. (1999). Here, the trans-
ducer surface is physically offset by twisting like the coil of a spring. This design
has an important limitation: the transducer has a unique operating frequency of
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6.2. From axisymmetric to chiral beams

interest. Other approaches include the use of photoacoustic effeect to generate the
Helical beam (Gspan et al., 2004). A common approach to overcome this problem
is by using electronic means: an appropriate phase profile for an array of trans-
ducers generates the helical beam. Thus, signals emitted by each transducer of
the array are delayed in order to control the angular phase shift. The interaction
of high order Bessel beams with particles have been widely studied in the exhaus-
tive collection of works of F. G. Mitri and G. T. Silva among others. Two main
remarkable effects have been reported: (1) the transference of orbital momentum
from the acoustical vortex to the particle (Mitri et al., 2012), and on the other
hand, the appearance of negative axial acoustic radiation forces (Marston, 2006;
Marston, 2007a; Mitri, 2008; Mitri, 2009). Thus, practical applications of vor-
tex acoustic beams are multiple: particle manipulation (Demore et al., 2011) and
acoustical tweezers (Wu, 1991), an acoustic spanner (Skeldon et al., 2008), rotation
of fibers (Schwarz, 2013) or multiple-particle trapping (Yoon et al., 2014). How-
ever, although the array provides active steering and control of the vortex beam,
in these active methods the discretization of the source is restricted by the number
of transducers in the array. On the other hand, the screw dislocations generated
by finite amplitude acoustical vortex has been also studied. In the case of weak
nonlinear regime, it has been proved the conservation law for the ratio between
the topological charge of the beam and the generated harmonic order (Thomas
et al., 2003; Marchiano et al., 2008). ON the other hand, for intense acoustic
beams, azimuthal shock wave have been reported numerically and experimentally
(Marchiano et al., 2008; Brunet et al., 2009; Brunet et al., 2010).

In this Chapter we propose a passive system for the formation of acoustic vor-
tex. The design consist of an Archimedes’ spiral grating. An experimental setup is
proposed in the ultrasound regime, where the results show that the diffracted field
around the axis generates a first order Bessel beam with its characteristic screw
dislocation. A method for synthesize high order Bessel beams is also provided and
tested numerically, where it was proven that a n-arm spiral generates a nth-order
Bessel beam. Furthermore, weakly nonlinear propagation is considered, where the
conservation law for the ratio between the topological charge of the beam and the
generated harmonic order is also observed.

6.2 From axisymmetric to chiral beams

Let us start considering a pair of uniform axisymmetric gratings, A and B, as those
studied before in Chapter 4. Let the grating A only differ in one aspect from the
grating B: a shift in the radial position of the toroidal rings. Figure 6.1 shows a
scheme of the situation. Therefore, the first structure presents a radial distribution
for the M toroidal rings as r,, = ma, where a is the separation distance between
rings and m = (1,2,..., M) is the ring index. On the other hand, the second
structure is designed as r,, = ma + a/2. The incident plane wave is scattered by

155



Chapter 6. Chiral beams generated by spiral gratings.

A

r = ma+a/2

Figure 6.1: Scheme of the axisymmetric diffraction grating. The structure A differs from B by
a shift of Ar = a/2 in the radial distribution of the rings. The incident plane wave is scattered
by the structures in a converging conical wavefront. When it converges to the axis a Bessel beam
is formed. The beams generated have equal magnitude but are shifted A¢ = 2wrAr/a, that in
this example, for Ar = a/2 leads to a phase difference of A¢ = pi.

the structure creating a conical wavefront that converges to the axis of symmetry
creating a limited-aperture Bessel beam. Same situation is also produced in the
configuration B, with the only main difference of the scattered field is phase shifted.

Numerical solutions for the scattering of the two structures are shown in
Fig. 6.2. It is clearly visible how the magnitude of the field remains basically
the same, where the transversal field is described by a Bessel function of zeroth
order, namely Jy. In the other hand, the phase difference between the structure

1 P
)
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0.5
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-~
<
0
-0.5
-3 -2 -1 0 1 2 3 -3 -2 - 0 1 2 3
r/A r/A

Figure 6.2: Radial distribution of the field generated by the axisymmetric structures A and B.
(left) Magnitude, (right) phase. Note if the ¢5 + ¢ = 0, then A¢ = 7.
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6.2. From axisymmetric to chiral beams

A and the shifted grating B is 7 radians. The field remains in anti-phase not only
at the center, but over all the the lateral lobes of the Bessel function. Only at the
zeros of the Bessel function there exist in the simulations some not perfect anti-
phase field distribution. In this example, the structure A is shifted in the radial
coordinate by half of the radial period, this spatial shift between both structures
is Ar = a/2. In a more general case, the phase difference can be related to the
radial shift simply by

A¢p =2rAr/a (6.1)

where A¢ = ¢ — ¢p is the phase difference between fields generated by a gratings
shifted a distance Ar.

Thus, we propose a structure composed of curved tubular scatters, but not
necessary of toroidal shape, that mixes the properties of the gratings A and B
in order to have a destructive interference in the axis. First, is obvious that this
structure is no longer axisymmetric, as long the scatters at azimuth angle 6§ = 0
must be shifted radially by Ar = na/2 respect to the plane § = 7, being n an
integer. On the other hand, the tubular scatters must be continuous in azimuth,
and the following design condition

B(0) = p(O+7) £ (6.2)

must hold for any 6. This condition is necessary in order to achieve a minimum
at the axis. It essentially states that there exist a scattered field at some 6 that
have inverted phase respect to the scattered field at opposite azimuth 6 + 7.

Let us here assume that the phase of the field changes linearly with the azimuth
angle as ¢ = «af. Substituting this equation in Eq. (6.2) we get that, in order to
fulfill the design conditions, that the rate of change of phase respect to the azimuth
angle must be o = +1, leading to the simple relation ¢ = +6.

Then, we can write Eq. (6.1) as

Ar a

This relation states that the rate of change in the radial position of the tubes
respect to the changes produced in the phase of the field is constant. Thus, using
A¢ = £A6, we can relate the change of the radial position of the tubes respect to

the azimuth coordinate as A
r a
— =+ 6.4
Ad 2m (64)
In the continuous limit, 25 — 9% and therefore Eq. (6.4) can be expressed as
the parametric curve
P (6.5)
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with b = a/27. Thus, if the tubular scatterers are bend following this parametric
curve, the scattering of the structure in the axis must be zero. This expression
is the Archimedes’ spiral, a particular case of the general class of Archimedean
spirals that can be described by

r=4b0'/7. (6.6)

Here, the parameter v controls how fast the spiral is wrapped. For v = 1,
we get the normal Archimedes’ spiral, with uniform separation between turns, for
v > 1 the spiral radius grows with each turn, while for v < 1 the separation
distance between turns becomes thigh. Special cases of this family are the lituus
(v = —2), the hyperbolic spiral (y = —1) or the Fermat’s spiral (y = 2).

6.3 Chiral beams generated by spiral gratings

In the previous section we have found that the spirals gratings are good candi-
dates to provide chiral beams. These spirals have the propriety of having uniform
separation between turns as r(6 4+ 27) = r(0) 4+ a. This uniformly spaced grating,
as occurs in the previously studied Bessel beams, diffracts plane waves in a con-
verging conical wavefront!. In analogy to the well-known diffraction grating, the
angle 8 defined by the conical wavefront is

sinf = N\/a, (6.7)

where ) is the wavelength and NV is the diffraction order. A scheme of this situation
is shown in Fig. 6.3. It is well known that a converging conical wavefront generates
a Bessel beam. The field of an ideal Bessel beam can be expressed for the velocity
potential?, 1, as

Y (r,0,z) = o, (k1) exp (ik,z £ inb) , (6.8)

where J,, is the nth-order Bessel function g is the amplitude, and k, and k, are
axial and transverse components of the wavevector k = \/k2 + k2. It is important
the relation of this quantities to the cone angle of the Bessel beam

cosfB =k,/k, sinf =k./k. (6.9)

INote that the field is also scattered in a diverging cone with angle 7/2 — 3, but this waves
does not contributes to the field distribution near the axis in free propagation. If the structure
is embedded inside a tube, this field can be reflected by the boundaries and it will converge to
the axis creating another Bessel beam.

2the velocity potential can be related to the acoustic pressure as p = iwpgy and to particle
velocity as v = Vi
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6.3. Chiral beams generated by spiral gratings

Figure 6.3: Scheme of the Archimedes’ spiral scattering process. The incident plane wave
is scattered into a converging conical wavefront which its phase changes linearly in azimuthal
angle 6. The field can be described as a first order Bessel beam, where in the axis a corkscrew
dislocation is produced, leading to an acoustic vortex and a node at r = 0.

Note the trivial solution for g = 0, where the Bessel beam reduces to a plane
wave traveling in the z direction. Therefor, thee cone angle 3 of the Bessel beam
depends on the separation of scatters. Thus, combining Eq. (6.7) and (6.9) we get
the relations

27N 27N
T atanf T a

(6.10)

This relations allow us to obtain the Bessel beam field, Eq. (6.8) in terms of
the grating parameters as

Y (r,0,z) = oy (27TNT> exp (iaQtZiVBZ + in@) . (6.11)

This idealized field is valid for a grating of infinite aperture. In the case of a real
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structure with finite aperture, the Bessel beam is bounded in the axial direction. Is
common to refer to this limitation as limited diffraction Bessel beams. Therefore,
if the grating have a total aperture of R = Ma, where M is the number of turns
of the spiral, from simple trigonometrical considerations the cone angle will cover
a region of the axis from z = 0 to z = F', being

R Ma? NA\?
F= = 1— (== 12
tang8  NA < a ) (6.12)

the maximum distance at which the Bessel beam is formed, showing the limit of
the validity of the nondiffractive propagation.

Let us consider the radiation converging from each ring at angle 3, in order to
find the locus of the points around the axis where exact constructive interference
is produced. The spiral grating is not axisymmetric, but chiral, that is, it is
distinguishable from its mirror image and it cannot be superposed onto it. Thus,
the radiation converging from each ring do not converge along the symmetry axis.
Figure 6.4 shows a scheme, where if we suppose the grating diffracts the wave at
angle 3, and following simple trigonometry considerations the coordinates of the
focal points can be obtained in function of the spiral geometry. Thus, for the axial
component of the focal can be expressed as

Fr,, 9, z,)

mrF/\ N\ /7~
N S S

Figure 6.4: Scheme of the geometry of the spiral. Due to the scattering of the spiral at angle
3, the locus of points in which perfect constructive interference is produced around the axis is
an helix.
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zp(r,0) = w\/l —sin? B. (6.13)

Then, using the cone angle definition and the spiral curve r() we get

2r(6) = <2i + i) % 1— (?)2 (6.14)

On the other hand, this interference is not produced at the axis, but shifted
a constant radial distance. From the geometry, see Fig 6.4, we can see that the
radial component of the focal is

rp =a/4. (6.15)

Equations (6.14-6.15) composes the curve F(rg, 0, zr), that is a liner helix of
constant radius. Thus, in addition the beam generation, the scattering located
in the points of the spiral achieves perfect constructive interference over the helix
curve that rotates around the axis. Moreover, the distance between turn of this
helix can be calculated as zp(0+27) — zp(0) = Acos §/N. Thus, for small diffrac-
tion angles, the focal rotates in z with a period of the order of the wavelength,
when for shorter Bessel cone is generated, the distance between rotation in the
helix stretches®.

6.3.1 First order Bessel beams

Let us now analyze the Archimedes’ spiral with v = 1 and b = a/27. With this
parameters the ideal Bessel beam can be expressed as

¥ (r,0,2) = od, (fr) exp (zb;\]wz + in@) ) (6.16)

In the other hand, we model the scattering of the grating by two methods.
First, if the scatters are thing compared to the wavelength, we can assume the
scattering of each fragment of the spiral can be modeled by a point source. This
modeling is also valid in the opposite limit, where the scatterers are thick enough
to provide narrow aperture between them. In this situation the structure forms
a grating. From Babinet’s principle considerations, both situations can be equiv-
alent. Therefore, we calculate the Rayleigh-Sommerfeld diffraction integral along
the path of the spiral, r = bf, as

—iWpPoU exp(ik|r
p(x,y,2) = 27pT0 0/ p?r| Ddr (6.17)

3In the limit 8 — 0, where the helix period is the wavelength, the divergent and conver-
gent conical wavefront sums again into a plane wave. Thus, the helicity disappears due to the
topological charge of two chiral waves is inverted.
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P/Po

2/ A kn )

Figure 6.5: (Left) Transversal cut of beam field obtained by (continuous line) the analytic
expression for ideal Bessel beam Eq. (6.16) and (circles) obtained by numerical evaluation of the
Rayleigh-Sommerfeld diffraction integral Eq. (6.17) for a finite structure. (Right) Far-field of the
spiral scattering showing the typical ring of the Bessel beam.

where |r| is the distance between each point in the path, r = b6, and the observa-
tion point (z,y, 2).

Second, we also approximate the diffraction with full-wave numerical integra-
tion of the acoustic wave equations. This approach provides an accurate estimation
of the diffraction in situations where the wavelength is of the order of the scat-
ter size, but due to the problem is 3D, the full cartesian domain is integrated
and is computationally intensive. In order to reduce the grid refinement require-
ments, we use the k-space method for solving the 3D computational problem. This
method will be necessary also for the last section where we include the nonlinear
propagation effects.

Figure 6.5 shows an example of first order Bessel-like beam generated by an
uniform spiral with parameters § = 56.4°, a/A = 1.2 and aperture R = 60\. We
can see that the analytic expression for ideal Bessel beam Eq. (6.16) agrees with
the solution obtained by the numerical evaluation of the Rayleigh-Sommerfeld
diffraction integral Eq. (6.17) for this finite structure. On the right subplot, it can
be appreciated how the typical ring of the Bessel beam appears in the far-field.
This result shows that a conical wavefront is being generated by the structure,
and it can be seen that the transversal wavenumber agrees with the estimated by
the spiral parameters in Eq. (6.10), marked as a dotted line as k, in the figure.
Therefore, we prove the field generated by the spiral structure is a first order
Bessel-like beam.
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x/A

Figure 6.6: Transversal distribution of the field obtained by numerical evaluation of the
Rayleigh-Sommerfeld diffraction integral. (Left) Magnitude, (right) phase. Colorbars in nor-
malized units (p/po and ¢/).

Radial distribution: vortex

One of the main features of the high order Bessel beams (HOBBs) is that all over
the axis the field is zero, in contrast with the zeroth-order Bessel beam where
a maximum appears in the symmetry axis. In the high order Bessel beams this
zero is generated by destructive interference of a phase-rotating conical wavefront.
Therefore, as a necessary condition, a vortex is generated around the axis. Fig-
ure 6.6 shows the transversal distribution of the field of a spiral at F/2. It can
be observed the node at the center in the magnitude, as long the high amplitude
lateral lobes characteristic of the HOBBs.

On the right subplot, it can be appreciated that a vortex is generated. The
number of complete phase shifts per turn is one, the vortex presents a topological
charge of 1. The nodes of the field connects 2 areas with opposite phase, while at
the central minimum a screw-cork like dislocation is produced in the field. The
ringed areas of the phase distribution corresponding to odd lateral lobes are phase
inverted respect than the even ones, but all have the same rotation direction.

Axial distribution

Although the field distribution in the sagittal plane correctly corresponds to a
truncated Bessel beam, there exist some features that must be underlined. Fig-
ure 6.7 shows the field in the (z = 0) plane of two first order Bessel beams. In
the top subplot the spiral parameters are a/A = 1.85, that leads to a cone angle
of f = 32.7° and a beam extension distance of F' = 115\. As can be seen in the
figure, the generated beam agrees with the analytical parameters. However, the
farther part of the beam that is close to F' presents more amplitude compared to
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Figure 6.7: (Top) Distribution of the field for a spiral of a/XA = 1.85 that leads to a (white
line) cone angle of § = 32.7° and beam extension distance of F' = 115\ (white line at y = 0).
(Bottom) Distribution of the field for a spiral of a/XA = 1.3 that leads to a (white line) cone
angle of 8 = 50° and beam extension distance of F' = 43.2)\ (white line at y = 0). Colorbars in
normalized units (p/pmax)-
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Figure 6.8: (Left) Axial Intensity distribution for a spiral of (blue) a/\ = 1.85 and (red)
a/X = 1.3. Black dashed lines shows the analytical extension of the truncated beam with a
linear intensity profile. (Right) Axial Intensity distribution including higher diffraction orders
for a spiral of (blue) a/\ = 2.85 and (red) a/\ = 2.3.

400

the part of the beam that is close to the grating. On the other hand, the field also
present some oscillations in the z direction.

Figure 6.7 (bottom) shows other example at lower frequency. Here, the spiral
parameters are a/A = 1.3, that leads to a sharper cone angle of f = 50° and a
closest extension distance of F' = 43.2. Same properties can be observed in this
situation.

In order to analyze the field amplitude, a axial cut is represented in Fig. 6.8.
As long the field is zero in the axis, the intensity distribution shown in Fig. 6.8 is
evaluated trough the maximum of the first lateral lobe. It can be clearly seen that
the intensity increases linearly with the axial distance. This effect, is analogous
to the studied in Sec. 4.2. As long the outermost rings scatters more energy, the
external portions of the conical wavefront present more intensity. This energy con-
verges to axial points around F', creating the same Bessel beam but with linearly
increasing intensity.

Same effects are observed for the higher diffraction orders. As can be seen in
Fig. 6.8 (right), when a/A > 2 the higher diffraction orders generates a secondary
beam. Its corresponding parameters correctly follows the analytical estimations,
as can be seen comparing the beam distribution to the dashed black lines. Due
tho the appearance of this secondary beam, the amplitude of the fundamental
diffraction order is reduced.

A parametric study of the longitudinal field is presented in Fig. 6.9 (left). It is
analogous to the Fig. 4.2 for the zeroth-order Bessel beams. The field distribution
extends with frequency following the analytical estimations (white lines), and for
a/\ > 2 higher diffraction orders appears forming secondary Beams close to the
grating. On the other hand, similar study can be addressed for the transversal
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Figure 6.9: (Left) Axial distribution of the field in function of the quantity a/\ obtained by
numerical evaluation of the Rayleigh-Sommerfeld diffraction integral. White lines indicates the
estimation of the focal by Eq. (6.12). (Right) Transversal distribution of the field in function
of the quantity a/A. Black dotted lines indicates the lateral location of the lobes estimated by
Eq. (6.16). Colorbars in normalized units (p/po and ¢/m).

distribution. Figure 6.9 (right) shows the lateral distribution normalized to the
wavelength in both axes. The separation distance is varied. As long the lateral dis-
tribution of the HOBBs depends on the transversal component of the wavevector,
k. = 2w N/a, there exist a lateral dependence of the lateral beam-width respect to
spiral parameters. It essentially states that extending the Bessel beam at longer
distances by spacing the spiral also spreads the beam-width. The numerical inte-
gration agrees with the analytical estimations (dashed black lines).

6.3.2 Experimental validation

An experimental test was realized in order to validate model results. A spiral grat-
ing was fabricated by laser cutting over a stainless steel plate of 0.8 mm thickness.
Fig. 6.10 (a) shows a scheme of the grating designed. The grating aperture was
a = 1 mm. The thickness of the scatters was 0.75 mm (solid parts), leading to a
grating aperture of 0.25 mm (open parts)*. The number of turns was M = 20 and
the grating radius was R = 25 mm. The circular spiral plate was placed in front of
a ultrasound plane transducer. This source was formed by a plane single element
piezoceramic crystal (PZ 26, Ferroperm Piezoceramics, Denmark) mounted in a
custom designed steel housing with aperture R = 25 mm, matching the area of the
spiral grating. The separation distance between the grating and the source plane
was adjusted to 0.5 mm.

4As pointed before, following Babinet’s principle considerations, the scattered field by an
structure of thin scatters or thin slits, in terms of the generated beam profile over the axis, is
equivalent.
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(b) -

Figure 6.10: (a, ¢, d) Scheme of the grating used in the experiment. (b) The spiral grating
mounted in front of a plane ultrasound transducer.

The transducer was immersed in a degassed and distilled water tank of (350 x
350 x 350 mm) were during the measurements the temperature was constant at
26° C. Therefore, the theoretical beam extension distance of the proposed grating
lens at the operating frequency was F' = 27 mm and only one diffraction order
appear.

The source was driven with a sinusoidal pulse burst of frequency fo = 2.226
MHz and 50 cycles using a function generator (14 bits, 100 MS/s, model PXI5412,
National Instruments) and a linear RF amplifier (ENI 1040L, 400W, 55dB, ENI,
Rochester, NY). The pressure waveforms were acquired with a HNR 500 pm needle
PVDF hydrophone (Onda Corp, CA), and a digitizer (64 MS/s, model PXI5620,
National Instruments) were used. A three-axis micropositioning system (OWIS
GmbH, Germany) was used to move the hydrophone in three orthogonal directions
with an accuracy of 10 pm and a National Instruments PXI-Technology controller
NI8176 was used to control all the devices. The amplitude frequency response of
the hydrophone was compensated in post-processing.

Figure 6.11 summarizes the experimental and numerical results, and the Rayleigh-
Sommerfeld integration. It can be observed in Fig. 6.11 (a) that the steel grating
conform a beam with a zero in its axis, and with a ring shaped maximum sur-
rounding this zero. The experimental beam agrees the analytical Bessel beam
presented in Fig. 6.11 (¢). On the left column, the phase is shown and, again,
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Figure 6.11: (a) Normalized field magnitude and (b) phase observed in the experiment and (c,
d) its corresponding analytical estimation using Rayleigh-Sommerfeld integration. Colorbars in
P/Pmax units for the magnitude and ¢/7 units for the phase.

Figure 6.12: Transversal cut of the field observed by (circles) grating experiment and (line)
predicted by the HOBB. Vertical line marks the axis were the zero field is expected.
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the generated beam in the experiment shows the correct topological charge of the
analytic solution plotted in Fig. 6.11 (d). The characteristic screw-cork dislocation
of the field at the center is also observed. Moreover, the phase distribution all over
the secondary lateral lobes of the beam also shows, in some degree, the correct
phase distribution of the HOBB.

However, some discrepancies can be observed in the experimental measure-
ments. These aberrations are minor and can be produced by the misalignment
between the grating and the transducer plane. A detailed transversal field profile
is presented in Fig. 6.12. The transversal cut (markers) was selected for an az-
imuthal angle in the (y,x) plane at -3 degrees, in order to present a good fit with
the analytical solution (black line). The traversal profile correctly agrees its cor-
responding Ji (k,r) first order Bessel function. Minor aberration slightly modifies
the lateral lobe amplitude, but the main features of the high order Bessel beam,
i.e. its central zero and rotational vortex, are correctly observed by the proposed
(and simple) experimental setup.

6.4 High order Bessel beams generated by n-arm
spirals

In the preceding section a synthesis of first order Bessel beams is proposed. The
basic principle of formation is the destructive interference trough the axis of a
rotating-phase conical-wavefront. The phase rotation over a turn in the cone was
27, and the topological charge of the generated vortex was 1. Here, we extend
this idea in order to generate vortex with higher topological charge. Therefore, the
phase rotation of the cone must increase for each turn as n27. Applying same ideas
developed previously, Eq. (6.1), we must increase the spiral radius r as r(6) = nbé
in order to increase the rotation of the phase by n2.

However, if the spiral is constructed in that way, the spacing between turns
is increased from a to na, and therefore, higher diffraction grating will appear
and energy will spread into a multi focal beam as shown in Fig.6.8. Actually, the
higher diffraction grating orders of a spiral generates high order Bessel beam. The
beams presented in Fig.6.8 (right) corresponding to the diffraction order N = 2
were second order Bessel beams. Figure 6.13 shows a more clear example. There,
in the left subplot a first order Bessel beam is generated at a/\ = 1.2. On the
right, the frequency is increased to match a/\ = 7.2, the beam of the first order
is generated far a way from the grating plane. Near the source appear the higher
diffraction gratings. The profile of the 7th diffraction grating order generates a
7th order Bessel beam, where it can be appreciated that the numerical integration
correctly agree the analytical estimation using N = 7. Therefore, HOBBs can be
generated from the higher diffraction grating of a simple Archimedes’ spiral.

For practical applications it must be desirable to generate a single HOBB
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P/Po

Figure 6.13: Generation of a high order Bessel beam from higher diffraction orders of a simple
Archimedes’ spiral grating. (continuous line) Analytical solution with (left) N = 1 and (right)
N =7, (circles) numerical integration at a distance z = F(N)/2

without any diffraction orders in order to do not spread energy from the main
beam to other secondary spots, e.g. in addition to the previously 7th order Bessel
beam of Fig. 6.13, all the inferior order Bessel beams are generated together.

The only way to increase the radius of the spiral as r(6) = nbf, while maintain-
ing the grating spacing between turns, a, is to add additional arms to the spiral
that fills the space between the stretched new curve. The general expression of
n-arms spiral is

2
r; =nb <6—|—j§). (6.18)

Therefore, there exists n curves, each j curve is separated a distance a from its
adjacent curve, and each curve start from the origin at different angles, equispaced
27 /n. Figure 6.14 shows various spirals with increasing number of branches. In the
case of n = 2, it can be observed that the curve for the j = 1 branch (black spiral)
have a growth slope of Ar/A# = 2b. Therefore, the phase rotates at Agp = Af = 2.
Same applies to the second arm, but this arms maintain the separation between
turns constant, allowing the generation of the Bessel conical wavefront for the first
diffraction order. As Fig. 6.14 shows, other possibilities are also feasible in order
to obtain higher spiral arms. The main issue is that when the number of arms
increases the aperture between them does not remain constant near the center,
when obviously in the limit n — oo, the structure becomes completely opaque if it
is formed by finite sized scatterers, or in-existent if the grating is formed by finite
sized slits.

As long the spacing between spiral arms is kept constant at a distant a, the
diffraction produced by the grating will create a cone with same angle that for
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n=20

Figure 6.14: Scheme of a variety of n-arm spirals.

171



Chapter 6. Chiral beams generated by spiral gratings.

the first order Bessel Beams. When this conical wavefront converges to the axis,
a Bessel beam is also generated. However, due to the rotation of the phase is
increased by a factor of n, the corresponding beam is a nth-order Bessel beam. It
can be appreciated in the last term of Eq. (6.11), that the topological charge will
also be increased by a factor n. The number of arms of a spiral directly corresponds
to the order of the Bessel beam generated and therefore to the topological charge
of the acoustical vortex.

Beam profiles of the generated HOBBs are presented in Figs. 6.15-6.17. The
magnitude of the field transversal sections are shown in Fig. 6.15 for n-arm spiral
gratings of n = 1,2,3,7,20,50. Here, the grating parameters were selected as
a/\ =1.2 and 8 = 56.4°. First, in Fig. 6.15 we represent a transversal cut of the
field measured at z = F'//2. As can be seen, the field is zero at the axis of the beam,
and the central null spot increases in size according to the number of branches of
the spiral. The generated field is nearly zero in a cylindrical volume around the
axis: the higher the number of arms of the spiral, the bigger the volume around
the axis where the field is nearly zero. Even in the case of a 50 branches spiral,
the generated beam profile agrees with a 50th order Bessel beam. In this case,
the corresponding central null is generated over a roughly cylindrical volume of
18 A diameter (in agreement to Eq. (6.16) and a height of F' (in agreement to
Eq. (6.12).

The location of the ring shaped lateral lobes, where the field increases to its
maximum, also matches the beam profile of the function J,(27/ar). A close
comparison will be presented later. On the other hand, it can be appreciated that
the ringed lateral lobes present some oscillations or bumps. They are more evident
in the higher order Bessel beams. If the transverse plane where the measurement
is done moves from z = F/2 to z = F/2 + AF, these oscillation rotate around
the axis. Furthermore, the number of oscillations is proportional to the order
of the Bessel beam. They can be associated to the geometrical laws of perfect
constructive interference around the axis for each arm of the spiral, in analogy to
Eq. (6.14). Therefore, this results shows evidence of that the focal F(rp,0, zr) for
n-arms develop equispaced n helix curves that rotates around the axis.

On the other hand, the phase of the nth-order Bessel beam rotates around the
axis forming an acoustic vortex. As can be seen in Fig. 6.16, the topological charge
of the beam, i.e. the number of n27w phase increments in a turn, is proportional
to the number of branches. Furthermore, it is in agreement with the n-th order
phase rotation characteristic HOBBs. These features are specially visible around
the ringed areas of the field in which the field is maximum, according to Fig. 6.15.

Figure 6.17 shows the magnitude over the (x = 0) plane. The generated beams
correctly agrees with the truncated HOBBs. The extension of the minimum at the
axis is in all cases F' = X X XA. Another feature is that in the case of higher n,
i.e. n = 50, the extension of the maximum lateral lobe ring is shorter. This is due
to the finite size structure, the beam only can be formed in the volume sonificated
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Figure 6.15: Magnitude of the transversal section of the field generated by a m-arm spiral
grating, from (a-f), n =1,2,3,7,20,50. Colorbars in p/pmax units.
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Figure 6.16: Phase of the transversal section of the field generated by a n-arm spiral grating,
from (a-f), n =1,2,3,7,20,50. Colorbars in ¢/7 units.
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Figure 6.17: Magnitude of the axial distribution of the field for the n-arm spiral grating, from
(a-f), n=1,2,3,7,20,50. Colorbars in p/pmax units.
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Figure 6.18: Magnitude of a transversal cut of the field for the n-arm spiral grating, from
(a-f), n = 1,2,3,7,20,50. (Markers) k-space numerical simulation, (continuous line) analytical
HOBBs solutions.

by the conical wavefront. This volume extends from z = 0 to z = F' at the axis,
but for radially distant points, this distance is reduced. Any case, this limitation
does not impedes the correct formation of the truncated Bessel beam, even in the
case of n = 50.

In order to demonstrate the multiple helix that conforms the acoustic vortex,
we can represent the isosurface of the equal phase points. The modulations in the
field magnitude over the rings of the high order Bessel beam correctly matches the
helical shape shown of this reconstructed Fig. 6.21, in analogy with the analytical
locus by Egs. (6.14-6.15). The number of helix arms is equal to the number of
spiral arms of the gratings, and its radius grows also withe the order of the Bessel
beam generated.

Finally, in order to study these beams in a more realistic configuration, sim-
ulations of the full 3D problem of the same system were performed. In these
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Figure 6.19: Magnitude of the field for the n-arm spiral grating, from (a-f), n = 1,2,3,7,20, 50
obtained by k-space numerical simulation. Colorbars in p/pmax units.

177



Chapter 6. Chiral beams generated by spiral gratings.

20,50

3,7,

)

2

)

=1

,n

)

(a-f

from

Figure 6.20: Phase of the field for the n-arm spiral grating,
obtained by k-space numerical simulation. Colorbars in ¢/7 units.
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Figure 6.21: Reconstruction of the helical vortex by an isosurface of field points with equal
phase. The number of helix arms is equal to the number of spiral arms of the gratings. Colorbars
in p/pmax units.

simulations, instead of considering the scatterers perfectly rigid, the grating was
included as a stainless steel plate, with same parameters than in the previous ex-
perimental setup. Thus, longitudinal wave propagation over the bulk of the steel
plane were included. However, shear waves were not included in the simulations
for the sake of simplicity. The simulation parameters used for the water media
were ¢ = 1490 m/s and py = 1000 kg/m? and for the grating plate co = 6100 m/s
and po = 7850 kg/m>. Losses were neglected in both media. Figure 6.18 shows the
analytical HOBBs and the simulations of the proposed steel spiral gratings. Excel-
lent agreement is obtained between the theory and the realistic simulations. Due
the finite size of the structure, in this cases reduced to Ry.x = 25a, the truncation
effect of the Bessel function is more evident, as can be observed in the mismatching
of the farther lateral lobes of the simulated beam. Furthermore, the characteristic
oscillations of the maxima due to the helix focusing are more evident, as can be
observed clearly in Fig. 6.19. It is worth noting here that those maxima are static,
at this transversal cut (z = F/2), but rotates when the measurement is realized
in a different plane according a multiple branch helix.

Concerning the vortex phase, the field also rotates with a topological charge
equal to the spiral number of arms. Only in the case of n = 50 the beam is roughly
generate. This effect is related to the finite sized aperture grating, where the cone
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barely cover the volume necessary to generates the 18\ diameter of the ring shaped
beam. However, even in this situation the central dark spot is generated, due to at
the axis the conical wavefront always covers the volume for z < F'. Those results
evidence the feasibility of high order Bessel beam generation by spiral grating in
realistic configurations.

6.5 Weakly nonlinear chiral beams

The nonlinear propagation of acoustic vortex have been studied previously. Most
of these studies employs arrays of transducers to electronically modify the phase
profile at the source plane. Acoustic vortex beams including shocks has been
tested numerically and experimentally, where rotational shock waves have been
generated. If nonlinear effects are produced in the propagation path and not near
or inside the spiral grating, the propagation of electronically generated beams and
the diffraction grating HOBBs proposed here will present high similarities.

We present simulations of the full-wave Eqs (3.1, 3.2, 3.3). The grating is
designed as in previous simulations, where the nonlinearity of the water is intro-
duced by the nonlinear parameter B/A = 5. Nonlinearity in the bulk of the steel
plate is neglected. As Figs (6.22-6.22) shows, nonlinear acoustic vortex are pro-
duced in a similar fashion than in the preceding sections. However, in order to
correctly account for higher spectral components, the numerical grid have been
refined compared to the numerical results presented below. Due to the compu-
tation requirements of the resulting 3D problem, the total size of the domain of
integration has to be reduced, and therefore, the total aperture, i.e. the number
of turns of the spiral, has been reduced dramatically. In this section, the grating
spiral is composed by only by 5 turns. These computational limitation impedes
the calculation of higher Bessel beams due to the ring lateral lobes falls out of the
domain. Other restriction of the full 3D nonlinear numerical problem is that the
number of harmonics is very limited, and therefore, the simulations only can take
into account weakly nonlinear propagation.

However, the basic features of the nonlinear vortex up to n = 5 can be pre-
sented. Figure 6.22 shows the magnitude of the first and its second harmonic
transversal field distribution. It can be observed that due to the limited aperture
grating, the Bessel beam is not correctly formed, but it can be appreciated how
the characteristic lateral lobes appears. The zero at the axis roughly appears for
the first and third order Bessel-like beams. In the case of n = 5 cannot be formed
correctly. Here, the focalization of each spiral arm that creates n modulations over
the lateral maxima is more evident. Again, if the measurement plane is shifted
a small increment in z axial direction, those maxima rotates. Thus, the maxima
conforms an n-helix curve. The second harmonic field generated in propagation
also focuses on these maxima. In addition, second harmonic field also present
additional modulations in the positions between the first harmonic modulations,
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Figure 6.22: Magnitude of the field for the n-arm spiral grating, from top to bottom n =1, 3,5,
(left column) first harmonic, (right column) second harmonic. Colorbars in p/pmax units.
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Figure 6.23: Phase of the field for the n-arm spiral grating, from top to bottom n = 1,3,5,
(left column) first harmonic, (right column) second harmonic. Colorbars in ¢/7 units.
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being these last of lower amplitude. Therefore, focalization around the axis of the
higher harmonics are also helix shaped: the number of helix curves is the product
of the harmonic index and the Bessel order.

Although the magnitude distribution of the field by this truncated grating
hardly agrees to an ideal Bessel beam, the rotation of phase distribution is in
agreement with the analytical vorticity of HOBBs. Thus, is clearly visible that
the first harmonic in the simulations present a topological charge of n for the
presented cases. In the case of second harmonic it rotates with topological charge
2n. The topological charge is therefore the product of the the harmonic number
and the order of the Bessel, i.e. the product of the harmonic and the number of
arms. Thus, the conservation law for the ratio between the topological charge of
the beam and the generated harmonic order is also observed (Marchiano et al.,
2008). In this sense, nonlinearity present a opportunity to increase the topological
charge of a generated beams.

Intensity vortex

One remarkable feature of the generated vortex is the acoustic intensity field.
Due to the vortex rotation, the acoustic intensity vector presents, in addition
to the axial, a rotational azimuthal component. The existence of this component
evidences the possibility of using the HOBBs to transfer angular momentum to the
media. Figure 6.24 presents an example of the transversal intensity distribution.
The magnitude of the intensity maintains the characteristic ringed shape of the
Bessel beam profile, wile the pointing vector of the intensity rotates around the
axis.

The transfer of momentum from a wave to the media is closely related to the
acoustic radiation force field. In the case of acoustic radiation force generated
by scattering processes, i.e. when the gradient of the acoustic energy density is
not null due to reflection on surfaces or objects, Bessel beams have been demon-
strated high potential to generate interesting configurations for particle manip-
ulation where negative axial radiation forces have been observed. On the other
hand, if the gradient of the acoustic energy density is not null due to attenuation
processes, there appears also a radiation force field. For plane waves, the acous-
tic radiation force exerted in the bulk of the lossy media is directly proportional
to the intensity vector. The generated beams with acoustic intensity vortex can
offer great potential in practical applications that uses acoustic radiation force
generated by both, scattering or attenuation processes. The nonlinear acoustic
radiation force will be studied in detail in Chapter 9 in the case of lossy media
with frequency power law attenuation.
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-0.5 0 0.5

Figure 6.24: Intensity of a first order Bessel-like beam generated by a grating spiral. Colormap
in I/Imax units, (arrows) intensity pointing vectors.

6.6 Conclusions

We have studied the scattering of Archimedes’ spiral gratings, and demonstrated
theoretically, experimentally and by numerical simulations that these diffraction
gratings generates chiral beams. These beams are basically truncated high order
Bessel beams, and are characterized by a null in the field all over it axis. It
is demonstrated how the geometrical focal surrounds the axis in an helix shaped
curve. It is of special interest the method presented for generation of arbitrary nth-
order Bessel beams using regular spiral patters with n-arms or arms. It was shown
that the order of the Bessel beam is directly the number of arms of the spiral. The
radial position of the ringed lateral lobes grows with the order of the Bessel beam,
and over it an acoustic vortex is generated. The topological charge of these vortex
was also proportional to the number of arms of the spiral. Furthermore, we have
demonstrated that another way to generate HOBBs is using higher diffraction
orders, but this approach generates also secondary secondary beams along the
axis and the energy spreads into all. Finally, The topological charge can be also
increased by cumulative nonlinear effects, where the number of the harmonic is
proportional to the product between the number of arms and the harmonic index.

The spiral diffraction gratings offers the possibility of dramatically increase the
order of the beam by using together the mentioned effects. Thus, a grating made of
high number of gratings can radiated with high frequency wave in order to excite
superior diffraction orders. Finally, the ith-harmonic will present a topological
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charge of inN, increasing its rotation and the possibility of transferring angular
momentum to the media. On the other hand, currently work is being developed
applying the technique of period varying grating exposed in Chapter 5 to an spiral
configuration in order to achieve focusing of the vortex.

The presented method for synthesize HOBBs presents a high potential in ul-
trasound particle manipulation techniques and, in general, in acoustic radiation
force applications in which the HOBBs have attracted great interest. This method
provides the possibility of generation arbitrary order Bessel beams by a passive
and extremely cheap device compared to active multiarrays. The generation of
acoustic vortex by active means is limited by the amount of elements and its size.
In contrast, the beam resolution by the proposed gratings is limited by the size of
the scatterers and the space between them. Nowadays, with the increase in the
performance of 3D printing and laser cutting techniques, the generation if HOBBs
offer far more possibilities than its active counterpart to generate acoustical vortex.
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