
Chapter 1

Localized Nonlinear Waves in
Lattices

Abstract

In this chapter we will study the nonlinear behavior of atomic lat-
tices coupled by realistic potentials. Essentially, in this conservative
system the dispersion is caused by lattice periodicity, where the nonlin-
earity appears at the coupling between oscillators following a Coulomb
type interaction. Thus, strongly supersonic localized waves can be
generated and propagates along the lattice in the form of kinks. With
the aim of study a more realistic physical system, we include a model
accounting for nuclear repulsion effects that modifies the nonlinear in-
teraction for short interatomic distances. In addition, we propose a
substrate potential that modifies the lattice dispersion relation. The
physical parameters are those of the K+ ion lattice in a mica muscovite
layered silicate.
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Chapter 1. Localized nonlinear waves in lattices.

1.1 Motivation: dynamics of potassium ions in
layered silicates

Many minerals are known by their capability of recording the tracks of charged
particles, and are often used as solid state nuclear track detectors (SSNTDs); a
review of the subject can be found in Refs. (Durrani, 2001; Durrani, 2008).

Among them, mica muscovite has been relevant as it was the second material
and the first natural one where tracks from fission fragments were found (Silk et
al., 1959). Very soon later fossil tracks were also found in mica (Price et al., 1962).
It seems to be one of the most sensitive of natural SSNTD (Fleischer, 2011). Due
to its resistance to heat, it can be used inside a nuclear reactor core for particle
detection. It has also been used in geochronology and to probe the existence of
dark matter (Snowden-Ifft et al., 1995), to find exotic nuclear reactions, decays of
superheavy elements and weakly interacting massive particles (WIMPs) (Durrani,
2001; Durrani, 2008). Micas have also important technological applications due
their dielectric and heat shielding properties. Other uses are as matrixes for films,
monochromators and dispersive crystals.

Silicates are also among the materials considered as engineered barriers for
nuclear waste storage due to its high rate of reaction with heavy ions in low
temperature reconstructive transformations (Alba et al., 2001). This property can
be of importance for the development of advanced structural ceramics (Hong et
al., 2002) and has been related to the existence of nonlinear localized vibrations
related with the ones described in this work (Archilla et al., 2006; Dubinko et al.,
2011).

Tracks of positrons, muons and other particles have been reported (Russell,
1967b; Russell, 1967a; Russell, 1988b; Russell, 1988a) in mica muscovite. Some of
these tracks were identified as produced by positrons resulting from the β+ decay
of 40K. This isotope is relatively abundant in the minerals and can also experience
β−, electron capture and other kind of decays. Most of the tracks, however, cannot
be explained as being produced by charged particles but could have been produced
by some kind of vibrational excitation because, among other properties, the tracks
are along the close-packed lines of the K+ hexagonal layer shown in Fig. 1.1. One
interpretation of these tracks is that they are formed by the localized nonlinear
excitations, sometimes called quodons (Schlößer et al., 1994), whose exact nature
is still not known.

A likely source for the vibrational energy required to initiate a quodon is the
recoil energy of the 40K after β decay, which can be up to 52 eV. In muscovite, there
are about 3 decays per second and cm3, so after many years of the sensitive period,
when tracks recording is possible, there are many possibilities to initiate a quodon.
An experiment was done to shed some light into the relationship between tracks
and quodons (Russell et al., 2007). A mica specimen was irradiated with alpha
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1.1. Motivation: dynamics of potassium ions in layered silicates

Figure 1.1: Representation of the mica structure from the point of view that emphasizes the
close-packed lines of the K+ hexagonal layer represented by yellow balls. Crystal structure of
muscovite. The circles represent the potassium ions forming the interlayer sheet. The unit cell
includes two silicate layers and two K+ions with parameters a = 5.19Å, b = 9.02Å; c = 20.0 Å;
and β = 95.7o. For a view from the top, see the later Fig. 1.16
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Chapter 1. Localized nonlinear waves in lattices.

particles and the ejection of atoms was detected on the other side, along closed
packed lines. The ejected atoms could not been identified and also sputtering
energies are not known exactly, however from experimental and theoretical studies,
they are known to be in the range of 4-8 eV (Kudriavtsev et al., 2005).

In an attempt to understand this phenomenon, numerical simulations were
conducted in an idealized 1D model where the particles of increasing energy hit
the boundary of the lattice (Dou et al., 2011). This study reports the formation
of a breather and kinks and the ejection of atoms at the opposite boundary of
the sample. However, the model did not intend to use realistic values of the mica
muscovite parameters.

A minimal model of the cation lattice with realistic parameters was proposed
recently (Archilla et al., 2013; Archilla et al., 2014). Only K+ ions were considered
with the actual potassium mass and Coulomb interaction between them. The
interaction with the rest of the lattice was implicitly considered as the force keeping
the ions inside the crystal with the known interatomic distance in muscovite. In
those publications, it was reported the existence of supersonic kinks, which were
easily generated within a wide range of energies and velocities.

However such model is too simplistic because for relatively high ion energies it
results in unrealistically small distances between the ions, of tenths of angstrom.

In this chapter, we develop a dynamical model in which we use the Ziegler-
Biersack-Littmark (ZBL) short-range repulsive potential, introduced in particle
bombardment studies (Biersack et al., 2008). ZBL potential describes the Coulomb
repulsion between nuclei, which is partially screened by the atom electrons and
rapidly decays in few Å. The results for the moving energy-carrying objects in
such potential are similar to those obtained with only pure Coulomb interac-
tion (Archilla et al., 2013; Archilla et al., 2014), namely the supersonic kinks,
traveling without attenuation for long distances, can be produced with arbitrary
energies. But the inter-particle distances in the kinks are limited by physically
reasonable values in our dynamical model. Note that our dynamical model allows
for bond dissociation, which is a necessary condition for the realistic modeling of
the normal energy transport in low-dimensional systems (Savin et al., 2014).

As a next step towards a more realistic description, we construct explicitly
the interaction with the surrounding atoms, using standard empiric potentials
introduced in molecular dynamics, which give rise to a periodic non-sinusoidal
substrate potential. Supersonic lattice kinks, also called crowdions (Kosevich et
al., 1973), are also easily obtained. They propagate in such potential with a
velocity which is independent of the input and is determined only by the lattice
potential parameters. For the smaller energies, the kink dissipates in phonons,
while for larger energies the excess energy is radiated until reaching the value of
crowdion energy.

The final crowdion energy is approximately 26 eV, which can be provided by
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1.2. Minimal model with realistic potentials

the recoil of isotopes of potassium after radioactive decay and is larger than the
sputtering energy. This ratio of characteristic energies allows to assume that the
tracks found in mica muscovite can be related with the lattice kinks or crowdions.

The literature about kink propagation in lattices with different inter-particle
and on-site potentials is extensive. The most studied and generic model is the
Frenkel-Kontorova (FK) model(Frenkel et al., 1938), see reviews in Refs. (Chaikin
et al., 1995; Braun et al., 1998; Braun et al., 2004). However, most of the kinks
considered in this model are subsonic ones. Supersonic kinks in the systems with
substrate have been found in models with anharmonic intersite coupling (Kosevich
et al., 1973; Milchev, 1990; Savin, 1995; Zolotaryuk et al., 1997). They have the
property than only a discrete set of velocities allows the propagation of kinks
without attenuation. They can be described as multi-kinks or lattice N-solitons
depending on whether the description is done in terms of coordinates, strains
or velocities. The kink with the unique supersonic velocity, propagating in our
dynamical model of the cation layer on a substrate, is a double-kink.

The FK model has also been considered in layered materials, to model, for ex-
ample, the in-plane dynamics of a few-layer graphene, in order to explain molecu-
lar dynamics simulation results for the cross-plane thermal conductance (Ni et al.,
2014). One particular characteristic, found in the kinks studied in the present
work, is extreme discreteness of the kinks, namely only two particles, and for
higher energies, practically only one particle is in motion at a given time. This
discreteness allows the complete understanding in physical terms of the mechanism
that brings about a single velocity of the kink and why the kink is a double-kink.

The Chapter is organized as follows. First we review and extend the results ob-
tained with only the Coulomb interaction, using the sinusoidal waveform proposed
for supersonic kinks in the Fermi-Pasta-Ulam (FPU) lattice (Kosevich, 1993; Ko-
sevich et al., 2004). The sinusoidal waveform is a good description for λ ' 3a,
where λ is a characteristic wavelength of the sinusoidal waveform and a is a lattice
constant, but fails for λ ' 2a, been replaced by an almost triangular waveform,
corresponding to nearly hard-sphere collisions. Afterward we consider the effects
of long-range interactions, with several neighbours, and introduce a short-range
nearest-neighbor ZBL potential. Thereafter, the substrate potential is constructed
and the properties of the single-velocity lattice kinks in the cation layer on the sub-
strate are analyzed with details.

1.2 Minimal model with realistic potentials

1.2.1 Model

We consider as a starting point a one-dimensional (1D) model for the dynamics of
K+ions. Thus, considering nearest-neighbour Coulomb interaction the position,
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Chapter 1. Localized nonlinear waves in lattices.

xn, of each n-th atom is given by

m
∂2xn
∂t2

= − KCe2

(xn+1 − xn)2
+

KCe2

(xn − xn−1)2
, (1.1)

where m is the K+mass, KCe2 is the inter-ion Coulomb electrostatic constant.
With the aim of explore solutions from a more general approach, we can write the
equation in dimensionless form by choosing as unit of distance, a = 5.19 Å(i.e.
the lattice constant or the equilibrium distance between K+ ions; for masses, the
mass of a K+ ion, mK+ = 39.1 amu; for time, τ =

√
mKa3/ke e2 ' 0.2 ps,

where ke is the Coulomb constant and e is the elementary unit of charge. Other
physical units in the system are velocity uV = 2600 m/s, energy uE = 2.77 eV
and frequency 5 THz. Dimensionless speed of sound in this system is c0 =

√
2, or

about 3.700 km/s in physical units.

Thus, defining un as the displacement with respect to the equilibrium position
normalized to the lattice constant, witch can be expressed as xn = a(n+ un), the
dimensionless motion equations become

∂2un
∂t2

= − 1

(1 + un+1 − un)
2 +

1

(1 + un − un−1)
2 , (1.2)

which describes the chain of ions coupled to their nearest neighbours by electro-
static Coulomb potential. Note hereinafter t will be dimensionless time.

n

u
n
 = x

n
{ nana

+ + + + + + + + +

Figure 1.2: Scheme of the one dimensional model of the K+ ion layer

1.2.2 FPU equivalent lattice

For small amplitudes, the potentials in Eq. (1.2) can be expanded in a series, using
that 1/(1 + y)2 ' 1− 2y + 3y2 − 4 y3 . . . . Retaining cubic and smaller terms, we
obtain

∂2un
∂t2

= c20 [(un+1 + un−1 − 2un)

−3/2 (un+1 − un)
2

+ 3/2 (un − un−1)
2

+2 (un+1 − un)
3 − 2 (un − un−1)

3
+ . . . ], (1.3)
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1.2. Minimal model with realistic potentials

which are the α-β FPU equations of motion. We would like to emphasize that
the α-β FPU Eq. (1.3) describes the Coulomb lattice (1.2) only in the small-
and intermediate-amplitude limit and is not applicable to this lattice in the large-
amplitude limit, see Fig. 1.9 and the subsection devoted to the triangular waveform
below.

1.2.3 Dispersion relations

Linearization Eq. (1.2), i.e. setting α = β = 0 in Eq. (1.3), the equation of motion
is reduced to the well-known discrete linear wave equation

∂2un
∂t2

= c20 (un+1 + un−1 − 2un) , (1.4)

where c0, the speed of sound, is the long wavelength phonon velocity. Note that
in our scaling c0 =

√
2. A phonon corresponds to small amplitude particle dis-

placements of the form un = exp (i (qn− ωt)), with q and ω being the phonon
wave number and frequency respectively. The dispersion relation and velocities
are well known, we include them here for comparison with. Thus, the the phonon
dispersion equation in normalized units reads

ω2 = 4c20 sin2 q

2
with q =

2πm

N
and m = 1, 2, . . . , N. (1.5)

Then, phase and group velocity are expressed for the lattice as

cp =
ω

q
= 2c0

∣∣∣∣ sin q
2

q

∣∣∣∣ ,
cg =

∂ω

∂q
= c0

∣∣∣cos
q

2

∣∣∣ . (1.6)

Thus, those well known relations dispersion of the linear lattice and its group
and phase velocity velocity are plotted for the positive first Brillouin zone in Fig.
1.3. The maximum frequency corresponding to the mode with the wave number
q = π is ωM = 2c0. In the limit of long wavelengths, both velocities are equal
to the speed of sound c0, which is also the maximum value. Note that the group
velocity becomes zero at the top of the phonon band q = π.

The maximum frequency in physical units is about 2.2 THz which is larger
than the one obtained with molecular dynamics and neutron spectroscopy of about
1.6 THz (Collins et al., 1993; Wada et al., 1991; Chaplot et al., 2002). This is
understandable given the simplicity of our model taking into account just one
type of atom compared with the complexity of real mica, but it is within the
same range of values. Note that the predicted speed of sound in physical units,
c0 = 3690.2 m/s, is similar to that found in Ref. (Brudeylins et al., 1995) of
3400-3700 m/s.

9



Chapter 1. Localized nonlinear waves in lattices.

0 0.5 1
0

0.5

1

q/π

ω
/
2
√

2

0 0.5 1
0

0.5

1

q/π

c/
c 0

cg
cp

Figure 1.3: Left: Dispersion relation for the linearized Coulomb lattice. Right: Phase speed
and group velocity for linearized Coulomb lattice. In the limit of long wavelengths, both give
the sound velocity, which can be compared with the values of 3.4–3.7 km/s obtained in Ref.
(Brudeylins et al., 1995)

Also note that, in contrast with the repulsive character of the full Coulomb
interaction, this linearized equation is attractive, i.e. if the distance un+1 − un
increases, the force on the particle un is positive. The reason for it is the decreasing
nature of the Coulomb force: when the distance with the particle in front increases
the repulsion weakens and the repulsion from the particle behind becomes larger
pushing the particle n forward.

1.3 Tail analysis

Different types of nonlinear localized solutions are supported by the Coulomb
lattice. Although these solutions are large enough to be intrinsically nonlinear,
they also have tails of small amplitude which abide the linear equation. Tails
cannot exist by themselves but depends on the existence of the nonlinear solution,
however its study gives information about the parent excitation. We obtain first
the tail properties and later we consider the fully nonlinear solutions. Tails are
obtained with the linear system, therefore their properties are common to any
system with the same linearization. However, they only give the conditions that
the tails have to fulfill. The properties of existence of the nonlinear excitation,
its velocity, amplitude and other characteristics have to be worked out with the
whole nonlinear system.

Consider a nonlinear localized moving excitation, travelling with velocity V .
We also assume that its amplitude decays exponentially far away enough from the
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Figure 1.4: Numerical example of two nonlinear localized waves travelling at different velocities
and leaving a phonon tail. (Top) profiles obtained at fixed time. (Bottom) logarithmic represen-
tation showing that front and back tails exist with different decay length. Despite the type of
the excitation and its nonlinear features, the tail analysis predict the relation between the parent
velocity and its localization, i.e. Vi(Λi).

center. Tails are well described by the expression

un = exp (−ξ (n− V t)) exp (i (qn− ωt)) , (1.7)

where |ξ| is the localization parameter and its inverse Λ = 1/|ξ| the decay length.
This equation is valid for n > V t if ξ > 0 and it corresponds to the front tail of the
structure, where for n < V t if ξ < 0 corresponding to the back tail. The limit case
ξ = 0 corresponds to extended phonons. Figure 1.4 shows an example were two
localized waves are numerically obtained presenting different tails and velocities.

Since the tail amplitude is by definition small, it satisfies the linear equation
Eq. (1.4). Using that un+1 = exp(−ξ + iq)un, un−1 = exp(ξ − iq)un and u̇n =
(ξV − iω)un, substitution of (1.7) in (1.4) yields the following two equations:

ξ2V 2 − ω2 = 2c20(cosh(ξ) cos(q)− 1)

ξV ω = c20 sinh(ξ) sin(q) . (1.8)

As there are two equation with four unknowns, we can express two of them as
ω and V as functions of the other two ξ and q. First, the frequency ω is given by:

ω = cosh(ξ/2)2c0 sin(q/2) = cosh(ξ/2)ωphonons . (1.9)
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Figure 1.5: Comparison of the numerical (circles) and theoretical (continuous line) decay
lengths as a function of the velocity for a localized wave (kink). Dimensionless units

Note that Eq. (1.9) reduces to the phonon dispersion equation when there is no
localization, i.e. ξ → 0.

The velocity of the tail of the hypothetical localized wave is given by:

V =
sinh(ξ/2)

ξ/2
c0 cos(q/2) =

sinh(ξ/2)

ξ/2
cg . (1.10)

The relationship between the decay length Λ = 1/|ξ| and V given by the
equation above is in excellent agreement with the numerical results, as can be
seen in Fig. 1.5. Note that both sinh(ξ/2)/(ξ/2) and cosh(ξ/2) are larger than the
unity and also monotonically increasing functions in |ξ|, which means that the tails
oscillate and move faster than the phonons. Except for the degenerate case ξ = 0,
which corresponds to no localization and no tail, i.e., to phonons. Essentially, the
conclusion that arise for the tail analysis states that localized travelling waves,
either solitons or kinks, with tails following Eq. (1.7) are supersonic, where its
velocity depends on the localization. Also note this analysis was developed with the
linearized discrete wave equation and does not depend of the specific nonlinearity
of the coupling. Is thus generic for many systems of coupled oscillators. However,
for studying the specific features of localized nonlinear travelling waves in the
Coulomb lattice the nonlinear terms can not be neglected.
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Figure 1.6: (a) Profile and evolution of a single kink for initial amplitude A0 = 1.05. (b)
Excitation of multikinks for initial amplitude A0 = 2.5 where two kinks with different velocities
are observed. (c,d) Detail of the corresponding displacements at t = 200 scaled units. A tail of
phonons is left behind the localized travelling nonlinear waves.

1.4 Supersonic ultra-discrete kinks

1.4.1 First supersonic kinks and multi-kinks

We propose the study of kink solutions in the lattice. Essentially, a kink is a non-
linear localized wave that connects and divide two phases of the domain. Kinks can
be stationary or propagating. We find that the simplified proposed model for the
repulsive lattice is extremely well suited for propagation ultra-discrete supersonic
kinks and multi-kinks. Due to the analytical analysis of the kink characteristics
will be somehow restricted, a numerical integration of the complete set of equa-
tions of motion has been used to explore the full nonlinear features of the lattice.
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Chapter 1. Localized nonlinear waves in lattices.

The numerical evaluation of the Eq. (1.2) retaining the exact form of the
Coulomb type interaction is trivial using centered finite differences with a “leap-
frog” time marching scheme. Thus, for one-dimensional lattices of N < 1000
elements and the integration times considered on this Chapter, the temporal step
required can be small enough to achieve convergence and the error due to numerical
dispersion can be controlled for all simulations.

Thus, the boundary conditions for the simulations are set to fix at rest the first
and last atoms of the chain, i.e. those conditions implicitly includes the effects of
the other atoms of the mica crystal in the simplest way, forcing the central part
of the chain to remain at rest. Then, a excitation is forced in one extreme of the
chain. As a first example, as in Ref. (Kosevich et al., 2004), the first particle in the
chain is forced to move sinusoidally during half a period, with an amplitude A0, so
that the initial and final positions are both zero (more details of this waveform will
be given in following sections). Increasing the amplitude of the perturbation A0

the velocity of the kink increases, and eventually, two, three, and any number of
kinks are produced, travelling one after the other. The dependency of the velocity
and number of kinks with the initial amplitude is shown in Fig. (1.6) for one (a,
c) and for two (b, d) kinks.

1.4.2 Test solution

In order to obtain the properties of the full nonlinear system it is convenient to
introduce a new variable, the deformation from the equilibrium position or strain
vn = un − un−1, the equations above can be written as:

∂2vn
∂t2

= 2Fn − Fn+1 − Fn−1; with Fn =
1

(1 + vn)
2 , (1.11)

where vn = 0 corresponds to the unperturbed lattice. The boundary conditions
assume fixed particles at the ends of the lattice. Kinks are produced numerically
by applying at the chain boundary a half-wave perturbation, which is a sinusoidal
displacement during half of a period, starting and finishing at the equilibrium
position (Archilla et al., 2013; Kosevich et al., 2004). In order to describe a kink
traveling to the right, the following ansatz was introduced as in Refs. (Kosevich,
1993; Kosevich et al., 2004):

vn = −A
2

(1 + cos (qn− ωt)) if − π ≤ qn− ωt < π, (1.12)

and vn = 0 otherwise, where A is the kink strain amplitude. The bonds are al-
ways compressed so vn is negative with a minimum value of −A, corresponding
to the maximum compression of the bond. For analogy, we use the usual wave
terminology, so φn = ωt− q n is the phase; q is the wave number; ω is the angular
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Figure 1.7: Spatial profile at fixed time for kinks represented in displacement (un) and strains
vn = un−un−1. Circles and triangles are numerical results and the continuous lines are obtained
from Eq. (1.12) with magic wave number q ' 2π/3 (top), when basically two particles are moving
at a given time, and with q ' π (bottom) for the amplitude A close to 1, when basically one
particle is moving at a given time. Scaled units are equal to the lattice unit.
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Chapter 1. Localized nonlinear waves in lattices.

frequency; T is the period; λ = 2π/q is the wavelength. The sinusoidal waveform
with q = 2π/3, being an exact solution for the FPU lattice(Kosevich, 1993; Kose-
vich et al., 2004), is not an exact solution for the Coulomb lattice but is a good
approximation for intermediate values of the amplitude A and provides very useful
framework for understanding the relative phases of the particles and the behavior
of the kink.

Figure 1.7 (top) compares the result of the numerical simulation for displace-
ments and strains, with the corresponding analytical expressions derived from
Eq. (1.12), for the intermediate value of the amplitude A = 0.55 and wave number
q ' 2π/3. The analytical expression fits very well the numerical data. Fig-
ure 1.7 (bottom) pictures a kink with wavenumber q = π. There are not enough
particles to compare with the analytical form, but the main properties of the latter
are valid.

For the dimensionless wave number q = 2π/λ, with λ an integer, Eq. (1.12)
represents a solution where basically λ bonds and λ − 1 particles (the kink core)
are in motion, while the others remain at rest.

We will use the term active to describe related states of the different magni-
tudes. The active particles or coordinates at a given time or time interval (or
phase or phase interval) are those for which un is changing, the active bonds are
those for which vn 6= 0, i.e., they are the compressed ones. For a particle, the time
interval is active when it is moving, and for a bond - when it is compressed.

If the dimensionless wavelength λ is between two integers m1 and m2, the
number of active bonds oscillates between m1 and m2 and the number of active
oscillating particles is between m1 − 1 and m2 − 1.

Of particular interest in this work will be λ = 3, with q = 2π/3, which is called
the magic wave number (Kosevich et al., 2004), and λ = 2, with q = π, which will
be referred to as the π-mode. These two values are extreme cases of localization,
with q = π being the limit when only one particle is moving at a given time.

1.4.3 Rotating wave approximation

The velocities of the kinks can be analytically obtained using the rotating wave
approximation (RWA), which consists in an approximation of the Fourier series
up to the first harmonic (Archilla et al., 2013). When we substitute (1.12) in the
equation of motion (1.11), nonlinearity generates multiple frequencies. The RWA
approximation states that nonlinear contributions higher than second harmonics
can be neglected. This implies that the force terms can be approximated by
their first-order Fourier expansions, as Fn = a0 + a1 cos(qn − ωt). On the other
hand, the left hand side of Eq. (1.11) gives, after substitution of Eq. (1.12),
v̈n = (A/2)ω2 cos(qn − ωt) which is equal to the first harmonic term of the right
hand side. The zero-harmonic cancels out due to the dependency of the right hand
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Figure 1.8: Kink velocity versus minimal interparticle distance R = 1−A, calculated numeri-
cally (crosses) and analytically from Eq.(1.15) with wave number q = 2π/3 (upper dotted-dashed
line) and q = π (lower dotted-dashed line). Scaled units are the lattice constant for distances
and 2.6 km/s for velocities.

side on Fn. The first harmonic of Fn is given by:

a1 =
1

π

∫ π

−π

cos(θ)dθ

(1− A
2 −

A
2 cos(θ))2

. (1.13)

For A < 1 we obtain

a1 =
A

(1−A)3/2
. (1.14)

Therefore, substituting v̈n and Fn = a0 + a1 cos(qn − ωt) in Eq. (1.11), is
straightforward to obtain the frequency as a function of the amplitude A:

ω =
1

(1−A)
3/4

2c0 sin (q/2) , (1.15)

and the velocity as:

V =
1

(1−A)
3/4

c0
sin (q/2)

(q/2)
. (1.16)

Kinks are therefore supersonic. These magnitudes are equal to the correspond-
ing ones for phonons, multiplied by a amplitude factor 1/(1−A)3/4: in the small
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Figure 1.9: Temporal variation of the strain vn = un − un−1 for different amplitudes. As
the amplitude A increases, the shape becomes almost triangular, corresponding to almost hard-
spheres collisions. The amplitude A is given in lattice units and the scaled time unit is 2 ps.

amplitude (A→ 0) and long wavelength (q → 0) limit, V tends to the sound speed
c0.

In Ref. (Archilla et al., 2013) it was shown that the magic wave number repre-
sents a good agreement between the ansatz and simulations. However this agree-
ment fails at the kink amplitudes A approaching unity, when the minimal inter-
particle distance in the kink (in lattice units) R = 1−A diminishes and the q = π
brings about a much better fit as can be seen in Fig. 1.8. The conclusion is that the
magic wave number is a suitable approximation for an intermediate range of am-
plitudes in the Coulomb lattice, in contrast to the FPU chain where it is valid for
all amplitudes(Kosevich, 1993; Kosevich et al., 2004), and that q actually changes
continuously with the amplitude in the Coulomb lattice. The complementary ap-
proach is to use Eq. (1.15) to find the values of the wave number q, with respect
to the amplitude A or the velocity V . This will be shown in Fig. 1.14, where it
can be appreciated that the magic wave number is a satisfactory solution only for
the intermediate values of kink velocity in the Coulomb lattice.

1.4.4 Triangular waveform

For the higher amplitudes, with A close to 1, the waveform deviates from the
sinusoidal one given by Eq. (1.12) and approaches instead the triangular waveform,
which is shown in Fig. 1.9. The almost straight lines in such waveform mean that
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1.4. Supersonic ultra-discrete kinks

the velocity is almost constant except during a very short interaction time. The
system behavior is very similar to that of the hard-spheres model.

This waveform is also another way of looking at the mode q = π. In this mode
only one particle is moving at a given time, which means that there are no forces on
the particle acting from its neighbours (because it moves at constant velocity and
those forces would accelerate it). Strictly speaking, the mode q = π and an exact
triangular waveform are unattainable because of the electrostatic Coulomb forces
acting on the particles. However, if the energy of the particle is large with respect
to the change in the potential during a large part of the path between collisions,
the particle will move almost free during most of the time between collisions.

The triangular waveform has been described as the high-energy limit for the
Lennard-Jones interatomic potential (Friesecke et al., 2002) and has been ob-
served experimentally in a system of repelling magnets (Molerón et al., 2014).
It is worth mentioning that the triangular waveform can also be related with
strongly-stretched bonds in the high-energy limit in the potentials allowing for
bond dissociation, like the Lennard-Jones potential. The strongly-stretched bonds
result in finite (normal) thermal conductivity in one-dimensional systems with
such interatomic potentials (Savin et al., 2014).

1.4.5 Analytical results

Sinusoidal waveform and mode with q = 2π/3

Some analytical results can be obtained in this model, see also (Kosevich et al.,
2004). Let us consider the wavenumber q = 2π/3 and choose t = 0 for the time for
which φn = q n−ωt = 0 at n = 0 after a change of the origin of n and t, but keep
the notation n for generality. If we consider the time interval ∆t: −T/6 ≤ t < T/6,
there are three active strains: vn+1, vn and vn−1. At the end of the interval, that is
at t = T/6, vn−1 becomes zero and vn+2 starts being perturbed, so all the indexes
n of the particles will change in a unity.

During ∆t, un′ = 0 for n′ ≥ n + 1, un and un+1 are changing but un−1 has
already attained the value 3A/2, its final constant value as can be checked by
direct sum of 1.12 for q = 2π/3. Also, un′ = 3A/2 for n′ < n− 1, their final value
after the kink has passed over them as seen in Fig. 1.7. The active coordinates
are therefore un = −vn+1 and un−1 = −vn + vn+1, i.e. the mode q = 2π/3 states
that essentially two particles are moving at same time and there are tree active
bounds.
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After some algebra we get

un =
A

2
+
A

2
cos (φn + 2π/3)

un−1 = A− A

2
cos (φn − 2π/3) . (1.17)

We can obtain immediately the kink kinetic energy as K = 1
2 u̇

2
n+ 1

2 u̇
2
n−1, which

results in

K =
ω2A2

8

(
1 +

1

2
cos (2φn)

)
, (1.18)

with maximum value

KM =
π2

12
V 2A2 . (1.19)

The potential energy, with respect to the equilibrium state, is given by:

U =
1

1 + vn−1
+

1

1 + vn
+

1

1 + vn+1
− 3 . (1.20)

By substitution, it can be seen that the maximum potential energy corre-
sponds to the bond n at its maximum compression, i.e., with φn = 0, while the
bonds n − 1, n + 1 have a phase difference of ±2π/3 with a strain un−1,n+1 =
−A/2 (1 + cos (±2π/3)) = −A/4. Therefore the maximum energy becomes:

UM =
1

1−A
+

2

1−A/4
− 3 . (1.21)

There is also a minimum potential energy which corresponds to the limit,
in which only two bonds are different from zero with phases ±π/3 and strain
vn = −3A/4. The minimum energy becomes

Um =
2A

1− 3A/4
− 2 . (1.22)

Therefore the kink for the mode q = 2π/3 has always some compression energy
Um above the ground state.
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Figure 1.10: Maximum potential energies of the kinks in the Coulomb potential versus minimal
interparticle distance in lattice units R = 1 − A (for amplitude A close to 1). The analytical
results are very similar for the waveforms with q = π and q = 2π/3, as the maximum potential
energy of the kink depends mainly on the minimal separation between particles R. The values
of the dimension units are the lattice unit and 2.77 eV respectively.
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Figure 1.11: Maximum kinetic energies of the kinks in the Coulomb potential versus minimal
interparticle distance in lattice units R = 1−A (for amplitude A close to 1). It can be seen that
the kink with wavenumber π is better described by a triangular waveform than by a sinusoidal
one. The values of the dimension units are the lattice unit and 2.77 eV respectively.
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Chapter 1. Localized nonlinear waves in lattices.

Sinusoidal waveform and mode with q = π

The properties of sinusoidal kinks with mode q = π are easy to obtain as there
are only two active strain variables and one coordinate, which during the interval
∆πt, 0 ≤ t < T/2, are:

vn = −A
2

(1 + cos (q n− ωt)) ;

vn+1 = −A
2

(1 + cos (q[n+ 1]− ωt)) =

−A
2

(1− cos (q n− ωt)) ;

un = −vn+1 ; u̇n =
A

2
ω sin (q n− ωt) . (1.23)

The kinetic and potential energies, K = 1
2 u̇

2
n and U =

1

1 + vn
+

1

1 + vn+1
− 2 =

1

1 + vn
+

1

1− vn
− 2, can be obtained. The maximum kinetic, maximum and

minimum potential energies are given by

KM =
π2

8
A2V 2 ; UM =

1

1−A
− 1 ; Um =

2

1−A/2
− 2.

(1.24)

Triangular waveform and mode with q = π

The potential energy fits very well the numerical values, unlike the kinetic energy,
as can be seen in Figs. 1.10 and 1.11. This is because the π kink is better described
by a triangular waveform in the limit of large energies, as Fig. (1.9) shows. Let
us suppose that t = 0 is the time for which vn = −A, as it takes half a period to
change from −A to 0, then V T/2 = 2. Therefore, for the interval 0 ≤ t < T/2 the
active variables for a ideal triangular waveform are:

vn = −A+AV t; vn+1 = −AV t;
un = −vn+1 = AV t; u̇n = AV. (1.25)

The maximum and minimum potential energies are identical to that of the
q = π sinusoidal waveform given by Eq. (1.24).

On the other hand, the kinetic energy is a constant:

K = KM =
1

2
A2V 2 . (1.26)

In the numerical simulations, there are short time intervals when K changes,
separated by a larger interval when K is almost constant.
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1.5. Interaction with several neighbours

In the high energy limit, A→ 1, the numerical solution converges to the trian-
gular waveform: at fixed time only one particle is in movement, and its velocity
is constant. During 0 < t < T/2 the potential energy in this limit is negligible
compared with the kink kinetic energy. Only when t→ 0 and t→ T/2 the moving
particle see the Coulomb potential of the adjacent particles at rest. For t → T/2
the particle experiment a deceleration, that in the limit A→ 1 can be considered
as a rigid collision and therefore the kinetic energy must vanish for t→ 0 and for
t→ T/2. Here a sharp peak on the potential energy is observed, where in the high
amplitude limit a Dirac δ(t) is expected for energy conservation considerations.

Also, this result has implications in the interpretation of the kink as a particle-
like excitation for high energies. In the limit A → 1 the kink travels trough the
lattice at constant velocity and energy, E, fixed by Eq. (1.26) as E = 1

2V
2, which

means that the kink behaves itself as a quasiparticle of unit mass (or a K+ion
mass in physical units).

1.5 Interaction with several neighbours

All the previous results apply to the case of nearest-neighbor coupling. However,
for a more realistic description the long range interaction must be taken into
account. With multiple neighbours, M , the dynamical equations become:

∂2un
∂t2

=

M∑
m=1

(
− 1

(m+ un+m − un)
2 +

1

(m+ un − un−m)
2

)
, (1.27)

which linearized become:

∂2un
∂t2

= c20

M∑
m=1

1

m3
(un−m − 2un + un+m) . (1.28)

Substitution of un = exp (i (qn− ωt)), leads to:

− ω2un = c20

M∑
m=1

1

m3
(exp (−iqm)− 2 + exp (iqm))un (1.29)

with c0 =
√

2, or:

ω2 = 4c20

M∑
m=1

1

m3
sin2

(qm
2

)
. (1.30)

The function ω = ω (q) is quite similar to the one with a single neighbour, but
with a slope at q = 0 that increases with the number of neighbours. The phase
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Chapter 1. Localized nonlinear waves in lattices.

and group velocity are plotted in Fig. for the positive first Brillouin zone (1.12)
for M = 1, 3, 8, 50. It is worth noting here that close to the continuous limit, i.e.
q → 0, sin(qm/2) ' qm/2 and we obtain:

ω2 = q2c20

M∑
m=1

1

M
. (1.31)

Which leads to the group velocity at q → 0 and λ→∞ cM = ∂ω/∂q

cM = c0

√√√√ M∑
m=1

1

m
. (1.32)

For a finite number of neighbours, the speed of sound is larger than with a single
one. For example c3 = 1.354c0 and c8 = 1.6486c0. Note if causality is not
imposed limM→+∞ cM =∞, although the convergence of is slow, e.g. for M = 106

neighbours cM = 3.7938c0.

Simulation results show that kinks still exist and propagate supersonically when
the Coulomb interaction extends beyond the nearest neighbours. Kinks have sim-
ilar velocity and wave number if we normalize kink velocity to the sound speed in
the Coulomb chain with interactions between M nearest neighbours, i.e. V/cM .

Figure 1.13 shows the dependence of the relative velocity V/cp on the minimum
interparticle distance and Fig. 1.14 shows the dependence of the numerical best fit
for the wave number as a function of the relative velocity, emphasizing the essential
identity of the phenomenon. Other aspects of these figures will be commented
below. For clarity, only the cases of three and eight neighbours are represented
although up to 30 neighbours have been tested.
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Figure 1.12: (left) Phase and (right) group velocity for the linearized Coulomb lattice including
M=[1, 3, 8 and 50] neighbours.
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Figure 1.13: Kink velocities as a function of minimal interatomic distance in lattice units
R = 1−A (A is kink’s amplitude) for several potentials. Notations in the legend: cm, m = 1, 3, 8,
refers to the Coulomb interaction between the first m neighbours. Velocities are normalized to
the sound speed cM for a system with interaction between M neighbours, except for the system
with a substrate which is normalized to c1 = cs. It can be seen that the increase of the number
of interacting neighbours slows the normalized velocity V/cM of the kink (but not its absolute
velocity). Also, it can be seen that in the system with a substrate the normalized velocity V/cM
deviates from the curve c1+ZBL to some specific velocity Vc on the c1 curve. The values of the
sound velocities are c1 = cs = 3.7 km/s, c3 = 5.0 km/s and c8 = 6.1 km/s.

It is worth commenting the problem that arises when the interaction with an
infinite number of neighbours is taken into account. If the pair potential depends
on the interparticle distance |r| as 1/|r|s, the long-wave phonon velocity is finite
for s > 1, but it diverges with the number of particles N as vph ∝

√
ln (N/2) for

the unscreened Coulomb potential (s = 1). However, this divergence occurs only
in the electrostatic limit when the electromagnetic wave retardation is neglected.
With an account of the retardation, the long-wave group velocity tends to the
speed of light in vacuum. If the particles are in a material medium, there is a
rearrangement of the electron density that can be described as a screening of the
Coulomb interaction with some characteristic length lscr. The screening brings
about a finite long-wave phonon velocity vph ∝

√
ln(lscr/a), where a is the lattice

constant. As it has been mentioned, we do not study in depth this problem here
and have considered only a few neighbours for simplicity.
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Figure 1.14: Best fit for the wavenumber q of the kinks as a function of the velocities normalized
to the sound speed. Notations in the legend: Ci is the Coulomb interaction between the first
i neighbours. Note that the magic wave number q = 2π/3 is also chosen in the system with
a substrate. The values of the sound velocities are c1 = cs = 3.7 km/s, c3 = 5.0 km/s and
c8 = 6.1 km/s.

1.6 The effect of nuclear repulsion: kinks with
short–range ZBL potential

The minimal interatomic distance in lattice units R = 1 − A, obtained for fast
large-amplitude kinks, is clearly impossible in realistic systems. At short distances
short–range forces appear, which are produced by the overlapping electronic shells
of the two close atoms. A large number of different repulsive potentials and screen-
ing functions have been proposed over the years, some determined semi-empirically,
others from theoretical calculations. Much used repulsive potential is the one given
by Ziegler, Biersack and Littmark, the so-called ZBL repulsive potential. It has
been constructed by fitting a universal screening function to theoretically obtained
potentials calculated for a large variety of atom pairs (Biersack et al., 2008). The
ZBL potential has the form

UZBL(r) = ke
Z1 Z2 e2

r
φ

(
r

ρ

)
, (1.33)

with ke being the Coulomb constant, Z1 and Z2 are the atomic numbers of the
involved atoms, and r the distance between them, φ(x) is the universal screening
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Constant i = 1 i = 2 i = 3 i = 4

Ai 0.1818 0.5099 0.2802 0.02817

bi 3.2 0.9423 0.4029 0.2016

Table 1.1: Constants used for the Ziegler-Biersack-Littmark (ZBL) screening potential of Eq.
(1.34)

function:

φ(x) =

4∑
i=1

Ai exp (−bix) , (1.34)

where the constants Ai and bi are listed in Table (1.1).

The screening length is ρ = 0.8854 a0/
(
Z0.23

1 + Z0.23
2

)
, with a0 = 0.529Å being

the Bohr radius. The ZBL potential describes well the interaction between neutral
atoms. In the case of ions considered here, the Coulomb potential must also be
added, accounting for the repulsion between the ions. The introduction of the ZBL
potential restricts the interatomic distances to the realistic values. The four terms
in the ZBL potential are important for different range of energies, but for K+ions,
with energies up to 200 KeV, which are much larger that the ones considered here,
the interaction potential can be represented by a single term, which together with
the Coulomb ionic part takes the form:

U (r) =
1

r
+
α

r
exp(− r

ρ
) , (1.35)

with α = 184.1 and ρ = 0.0569 in dimensionless units, which in physical units
correspond to 2650.6 eVÅand 0.29529 Å, respectively. Figure 1.15 represents ZBL
and Coulomb potentials, with their sum and other details to be commented later.
Note that around r ' 0.4, the combined potential U(r) differs considerably from
the Coulomb potential.

The dynamical equations become

∂2un
∂t2

= −Gn+1 +Gn − Fn+1 + Fn , (1.36)

with Fn given by Eq. (1.11) and Gn given by

Gn =
α

1 + vn
exp

(
−1 + vn

ρ

)(
1

1 + vn
+

1

ρ

)
. (1.37)

When the joint effect of both the screened Coulomb (ZBL) and bare Coulomb
potentials is considered, i.e., Eq. (1.35), numerical simulations show that the
behavior of the kinks is not much different from that observed in the bare Coulomb

27



Chapter 1. Localized nonlinear waves in lattices.

0 0.2 0.4 0.6 0.8 1
0

5

10

15

20

25

30

r

U

Uc1

UZBL+c1

UZBL

Usubstrate∑
Ui

Figure 1.15: Interaction potentials U(r) in dimensionless units. Coulomb (c1); ZBL (cZBL);
Coulomb+ZBL (c1+ZBL); substrate potential (cS) and the sum of the Coulomb, ZBL and sub-
strate potentials (c1+ZBL+S). The scaled units are 2.77 eV and the lattice unit a=5.19 Åfor U
and r, respectively.

case, discussed in the preceding sections. Supersonic kinks propagate equally well,
changing from the magic wavenumber q = 2π/3 to the proximity of q = π and
from the sinusoidal to nearly triangular waveform in increasing the amplitude
A. Figures 1.13 and 1.14 also show the characteristic curves V = V (A) and
q = q(A). The basic difference is that the high energy regime, i.e. the regime
of high velocities at witch the waveform change from sinusoidal to triangular, is
obtained for for lower (and also realistic) interatomic distances. On the other hand
the sound velocity does not change since the ZBL potential is felt only for very
large perturbations. Unfortunately, the RWA cannot be obtained analytically but
the numerical RWA fits very well the results of the simulations.

1.7 The effect of the substrate potential: lattice
kinks or crowdions

In the preceding sections, the interaction with the other atoms in the crystal was
taken into account only implicitly, since the only effect of the surrounding atoms
was to fix the equilibrium lattice period and to confine the particles within the
crystal. To better model the properties of the kinks in a crystal like muscovite,
we take into account explicitly the interaction with the surrounding atoms in a
simplified mica geometry.
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Figure 1.16: Projection on the [001] plane of the ions used in the calculation of the substrate
potential. Four planes of ions are considered, two above and two symmetrical below the K+plane,
the closest two with oxygen and the other two with silicon ions. The path for the central K+ion
used the in calculation is shown, note that the O−2 ions in the middle of the path are actually
at a distance of 1.68Å above and below. The interaction between the K+ions in the central X-
axis is not taken into account in constructing the substrate potential as it is taken into account
explicitly. The crystal is continued in the K+plane until the convergence is achieved. Distance
between the longer marks is 1 Å.

The K+ ions occupy the nodes of the hexagonal lattice with a lattice unit
a = 5.19 Å. There are no other atoms in the K+plane, therefore we need to consider
more atoms above and below. We consider two planes above and two symmetric
below. The closest plane, situated at a height of 1.6795Å, is occupied with oxygen
ions with charge -2, their projections on the K+plane lie in the middle of the two
nearest-neighbor K+ ions. The other layers, at at a height of 2.2227Å from the
K+ plane, are occupied by silicon ions. They are in the centers of tetrahedra
whose three horizontal vertices are occupied by the oxygen ions. See the sketch
on Fig. 1.16 for a projection of oxygen and silicon layers on the [001] plane, i.e. a
top view of the K+layer. The Si sites are occupied by Si+4 and Al+3 ions in the
proportion of 3:1, giving an average charge of +3.75, but we assign them a smaller
charge +2.75 to take into account other atoms in successive layers, particularly
the oxygen ions at the top of the tetrahedra, and to achieve charge neutrality.

We suppose that all the atoms are in fixed positions except the moving K+ ions
in a row and only in the [100] direction. This is justified by the supersonic speed
of the kinks, that we are interested in, and due to the weak interaction between
the Si and Al ions compared to the ZBL interaction between potassium ions when
they collide at high velocities. The interaction between the K+ ions, that are in
the central X-axis, are not considered in constructing the substrate potential as
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Chapter 1. Localized nonlinear waves in lattices.

it is taken into account explicitly. The lattice is extended in the [001] K+ plane
until the convergence of the potential is achieved. Specifically the potentials used
are the electrostatic interactions and Born-Mayer potentials of the form V =
A exp(−r/rg), given in Ref. (Gedeon et al., 2002). The value rg = 0.29Å is for all
the interactions, and the pre-exponential constants in eV are: AKO = 3800.125,
AKSi = 2762.5, AOO = 453.375, A0Si = 1851.25, and ASiSi = 1173.125. For the
K+-K+ interaction, we use the Coulomb-ZBL potential described above.

We obtain a substrate potential in scaled units (uE ' 2.77 eV), which can be
described with very good approximation by a truncated Fourier series up to fourth
harmonic:

Us (x) =

4∑
h=0

Uh cos (2πhx) , (1.38)

with coefficients Uh equal to [2.4473, -3.3490, 1.0997, -0.2302, 0.0321]. The poten-
tial well of 20 eV is consistent with molecular dynamics simulations (Collins et al.,
1992). It is represented in Fig. 1.15 together with the other potentials, such that
their relative magnitudes can be compared.

1.7.1 Dispersion relations with substrate

Our dynamical equations with a substrate potential Us (x) in the form given by
Eq. (1.38) and for M neighbour Coulomb interactions can be written as

∂2un
∂t2

= −∂Us (un)

∂un
+

M∑
m=1

(
− 1

(m+ un+p − un)
2 +

1

(m+ un − un−m)
2

)
, (1.39)

where the restoring forces of the substrate potential are

− ∂Us (un)

∂un
=

4∑
h=1

2πhUh sin (2πhun) . (1.40)

The latter equations, for small amplitude oscillations of un becomes

− ∂Us (un)

∂un
' −ω2

0un , (1.41)

with the linear frequency ω0 as

ω2
0 =

4∑
h=1

(2πh)
2
Uh. (1.42)
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Figure 1.17: Left: Dispersion relation for the linearized Coulomb lattice with (continuous) and
without (dotted) substrate potential. Right: Phase (dotted) and group (continuous line) velocity
for linearized Coulomb lattice. All dispersion curves are for M = 1 neighbour interaction.

The corresponding value for linear frequency is ω0 = 4.48 or 119 cm−1 in
physical units, which is close to 110 cm−1 determined experimentally (Diaz et al.,
2000). Therefore the dynamical equations for un small become

∂2un
∂t2

= −ω2
0un + c20

M∑
m=1

1

m3
(un−m − 2un + un+m) . (1.43)

Substitution of un = exp(i(qn− ωt)) leads to

− ω2 = −ω2
0 + c20

M∑
m=1

1

m3
(exp (−iqm)− 2 + exp (iqm)) . (1.44)

Therefore the phonon dispersion relation become

ω2 = ω2
0 + 4 c20

M∑
m=1

1

m3
sin2

(qm
2

)
. (1.45)

In the following we particularize for a single neighbour,i.e. M = 1. The phonon
spectrum becomes an optical one, and the frequency and group velocity are

ω2 = ω2
0 + 4 c20 sin2 (q/2) ,

cg =
∂ω

∂q
=

c20 sin q√
ω2

0 + 4 c20 sin2 (q/2)
. (1.46)

Note that c0 is still the sound speed in the system without substrate. Thus,
as Fig. (1.17) shows, the dimensionless phonon frequencies ω are in the interval
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Figure 1.18: Representation of the process of dynamical slowing down of the kink. The non-
linear and linear radiation processes can be easily distinguished. Nonlinear waves with large
amplitude are first emitted. Later, the phonons with the wavelength close to λ ' 4, which
corresponds to maximal group velocity, and with exponentially decaying amplitudes are emitted
while the kink approaches the limit velocity. Scaled units for time and distance are 0.2 ps and
lattice constant 5.19 Å.

between ω0 = 4.48 and ωmax = 5.31. The group velocity is zero at q = 0 and q = π
and reaches its maximum cc,max ' 0.4, in the proximity of q = π/2 with λ ' 4.
These features are also observed in the simulations for low amplitude travelling
waves.

1.7.2 Qualitative description

The introduction of the substrate potential does not prevent the existence of super-
sonic lattice kinks. The lattice kink, also called crowdion, consists of an interstitial
atom propagating very fast in the lattice and leaving behind a vacancy. The spe-
cific feature of the kinks found in the present work is that its velocity and energy
are fixed by the layer+substrate system, let us denote them as Vc and Ec (c for
crowdion). If the initial energy of the excitation is smaller than the threshold Ec,
the kinks are rapidly dispersed and disappear and cannot propagate more than few
lattice units. However, if it is larger, a kink is formed and its speed depends on its
amplitude following the relation V (A) of the ZBL interaction without substrate.
However this velocity is not constant with time: the kink always slows down to
a fixed stable speed Vc, and the excess energy is backward radiated. The specific
values for the stable kink velocity and energy in scaled units are Vc = 2.7387 ' 2c0
and Ec = 9.4374, corresponding to 7.16 km/s and 26.2 eV, respectively.

The lattice kink is supersonic in the two meanings a) Vc > c0, where c0 is the
sound velocity without substrate; b) Vc is much larger than the maximum phonon
group speed Vc,max ' 0.4 in the system with the substrate, but is not larger than
the maximum phase velocity which is unbounded for q → 0, see Fig. (1.17).
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Figure 1.19: (top) Energies of several kinks with respect to time. When more energy than the
crowdion’s one is delivered a faster kink is produced and a radiation process takes place until
the supersonic crowdion is formed. Thereafter, the crowdion is extremely stable. If the initial
energy is smaller than the crowdion’s one the kink dissipates into phonons. The scaled units
are approximately 2.77 eV for energy and 0.2 ps for time. (bottom) Velocities of lattice kinks
or crowdions versus time in scaled units for different initial conditions. The final velocity and
energy are approached asymptotically, being Vc = 2.7 (7.2 km/s) and Ek = 9.5 (26.2 eV) in
scaled and physical units. For V < Vc, the kinks are dissipated into low-amplitude phonons.

1.7.3 Slowing down processes

The process of slowing down to Vc is shown in Figs. (1.18) and (1.19), where two
well distinguished phases can be identified.

a) Nonlinear radiation: For an initial energy E > Ec, the kink progres-
sively loses energy. The particles immediately after the kink perturbation are left
with enough energy for nonlinear vibrations in the potential well bringing about
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nonlinear wave. Their frequencies obtained numerically are above the phonon
band with a maximum value of about 6.3. This strong radiative process is shown
in Fig. 1.18 for an initial velocity V (t = 0) = 7. This process is very fast and the
decay of kink energy is almost linear with time. As long in this regime the wave-
form is nearly triangular, kink kinetic energy can be approximated by K = 1

2A
2V 2

as explained is Sec. (1.4.5). Thus, as the potential energy is negligible for this
regime, the linear decay of energy is consistent with the decreasing of velocity at
the initial part seen in the of Fig. 1.19.

b) Linear radiation: As the lattice kink energy approaches Ec, the ampli-
tude of the tail oscillations and its frequency decrease, the kink frequency enters
the phonon band, radiating low amplitude phonons (Braun et al., 1998; Braun
et al., 2004). The energy decreases exponentially with time towards Ec. The wave
number of the radiated phonons can be deduced from the kink speed as each par-
ticle left behind the kink is excited with a delay ∆t = 1/Vc and, therefore, with
a phase difference q = ω(q)∆t = ω(q)/Vc. As the phonon wave vector is given
by q = ω(q)/cph, where cph is the phase speed of the phonons, Vph = Vc. Using
the phonon dispersion relation in Eq. (1.46) it is possible to obtain the phonon
wavenumber and wavelength λph = 3.5 which is the observed one in the simu-
lations. Similar process has been described in Ref. (Braun et al., 1998) and in
references therein for subsonic kinks. However, there is an important difference:
the subsonic kinks, described in those works, radiate continuously and eventually
stop. Here the amplitude of the radiation decreases exponentially, allowing the
kink to achieve a constant energy value and propagate stable along the lattice.

From the comparison of Figs. (1.13) and (1.19) with Fig. (1.15) we conclude
that supersonic kink’s amplitude A of relative particle displacements is determined
by the interatomic distance R at the local minimum of the combined interatomic
plus substrate potential, R = 1 − A ≈ 0.33 in lattice units. This value of the
kink amplitude ensures the absence of kink oscillations and correspondingly the
absence of phonon radiation into the chain by the supersonic kink. We also want
to emphasize that we do not observe discrete spectrum (a set of possible values)
of the velocity of the supersonic kink in our system, even when we start with
high initial kink velocity, see Fig. (1.19). This is in contrast with the prediction
of supersonic multi-solitons (lattice N -solitons) in Frenkel-Kontorova model with
nonlinear intersite coupling in Refs. (Braun et al., 2004; Savin, 1995; Zolotaryuk
et al., 1997). We relate this finding with the extreme discreteness of our kink
of effective wavenumber q ' 2π/3, which as shown in Fig. (1.14) corresponds to
only two particles moving at a given time, cf. Ref. (Kosevich et al., 2004), which
does not allow for different matching with the substrate potential, and also with
possible dynamical instability of lattice multi-solitons (bound states of supersonic
kinks) in the considered system.
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Figure 1.20: Particle velocity waveform measured at n = 470 in supersonic kink with amplitude
A = 0.67 and minimal interatomic distance in lattice units R = 1−A = 0.33 for Coulomb+ZBL
potential with (continuous line) and without (dotted line) substrate potential. The instants when
the ZBL interaction acts (near A) and the minimum velocity at the top of the potential barrier
(E) are easily identified. The configurations at those times can be seen in Fig. 1.21. Scaled units
are 0.2 ps and 2.6 km/s.

1.7.4 Double kink

The particle velocity u̇n as a function of time for the stable kink in the substrate
is represented in Fig. 1.20. Due to the extreme discreteness of the kink, it is not
practical to represent u̇n an a function of n. The profile of a double soliton for
the particle velocity corresponds to the double kink shown in Fig. (1.21)-(a), is
evident as a function of time.

Supersonic multi-solitons in Frenkel-Kontorova system with anharmonic cou-
pling has been described in Refs. (Kosevich et al., 1973; Savin, 1995; Zolotaryuk
et al., 1997). They correspond precisely to the discrete set of velocities for which
the kinks do not radiate phonons. Although roughly similar in the shape, the kink
in our system does not correspond to the mathematical forms obtained in those
references. The kink in our system is more discrete, very close to the limit of
discreteness, its wavenumber q ' 2π/3, shown in Fig. (1.14), corresponds to only
two particles moving at a given time, cf. Ref. (Kosevich et al., 2004).

This discreteness makes possible the exact description of the double kink pro-
cess as shown in Fig. 1.21 (c): a particle n, represented by a white circle, initially
at rest at the bottom of a potential well, experiences two collisions, one when it
was hit by the particle n−1 and is accelerated afterwards, and a second one when
it hits the particle n + 1 and is decelerated, attaining almost zero velocity at the
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Figure 1.21: (a) Particle displacement waveform for the established lattice kink. (b) Potential
energy seen by the kink during propagation (thick line) and periodic substrate potential (thin
line), horizontal lines are the energies corresponding to the equilibrium stable (C) and unstable
(A) interstitials. (c) Particle configurations corresponding to the points A−E, shown in (a) and
(b). Scaled units are lattice unit 5.19 Å for distances, 0.2 ps for time and 2.77 eV for energies.

bottom of the potential well (during the radiation process the particle velocity is
different from zero). Between the two collisions, the particle finds the substrate
potential barrier between sites and experiences a decrease in velocity while going
uphill which is followed by an acceleration while going downhill.

Note that the states A and E in Fig. 1.21 have exactly the same energy, but
the kink has only moved half a lattice site. This is the first kink of the double-kink
process shown in Fig. 1.21 (a). The process of the particle n going downhill and
hitting the n+ 1 particle until it stops forms the second kink.

This process can be seen in terms of the kink energy in Fig. 1.21 (b). Two
identical oscillations of particle’s potential energy U happen for the kink to move a
lattice site. There is a local maximum at point C, corresponding to the minimum
distance between particles and the short range ZBL interaction. The horizontal
dashed-dotted lines indicate the energies for the equilibrium interstitial configu-
rations, with two particles inside a potential well (stable), or one particle at the
top of the potential barrier (unstable), with the energy difference corresponding
to the Peierls-Nabarro (PN) barrier. The potential energy is always above the
stable interstitial energy as the lattice has no time to relax, bringing about an adi-
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abatic PN barrier. The kink always has finite kinetic energy, with the minimum
corresponding to configuration A.

1.8 Some numerical simulations with ultradiscrete
kinks or crowdions

In this section we present the results of different simulations to show the capacity
of the crowdions to survive a perturbed environment when larger energy is initially
delivered and, second, the behaviour of the crowdions with temperature.

1.8.1 Excess energy

We present some examples of simulations when the lattice is given more energy
than the 26.2 eV needed to produce the supersonic crowdion. The energies range
from 130 eV to 520 eV. They are represented in Fig. 1.22. In (a) a single crowdion is
formed after nonlinear waves are emitted. In (b) two crowdions are formed leaving
behind an stationary linear wave. Note how the second crowdion survives to the
tail of the first and the common velocity Vc of both. In (c) the excessive energy
destroys the second crowdion which transforms into a highly localized nonlinear
stationary wave. In (d) the second crowdion survives again, while in (e) it is again
destroyed. Extensive phonon radiation and wandering kinks can be seen in the
latter figure. In (f) a second crowdion survives 150 sites in a highly perturbed
media but it is finally pinned down.

1.8.2 Thermalized medium

An interesting question is whether the crowdion can travel trough a previously
thermalized medium. This is not only a question of general interest but particulary
important for mica muscovite. As it has been calculated in the chapter Tracks
in mica: 50 years later in this book, the recording process of tracks happens a
few kilometers underground under large pressure and temperatures of 700-1000 K.
Although much more work is necessary, the answer is positive. For comparison
Fig. 1.23 (a-b) shows two simulations at 300 K and 1000 K in the system without
substrate potential where the kink survives over hundreds of lattice sites. It is
not really surprising as if we compare the energy of the crowdion 26.2 eV with the
mean thermal energy of a particle kBT , the crowdion energy is 1000 and 300 times
larger at 300 K and 1000 K respectively.

In the case of including the substrate potential, as shown in Fig. 1.23 (c-d)
for 300 K and 1000 K respectively, the crowdion can also travel hundreds of sites
of the previously thermalized media. As it was studied in Ref. (Archilla et al.,
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Figure 1.22: (Color) Particle energy plots of several examples of crowdion formation in arbitrary
units of ' 3 eV. Initial energy increases form (a) to (f). Many features can be observed, among
them the specific velocity of the crowdion Vc, the formation of nonlinear waves and phonons, the
formation of two crowdions and the survival of the crowdion to the severely perturbed media
during hundreds of sites
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Figure 1.23: (Color) Particle energy plots of two crowdions travelling on a previously thermal-
ized medium at (a,c) 300 K and (b,d) 1000 K, top without and bottom with substrate potential.
Color bars are in 10 log10(E) units

2015), the crowdion always has finite kinetic energy, but the final total energy
of the kink, Ek, is always on the order of magnitude of the Peierls-Nabarro (PN)
barrier. The equivalent kinetic energy equivalent for the thermalized media is 0.005

39



Chapter 1. Localized nonlinear waves in lattices.

(0.013 eV) at 300 K and 0.016 (0.043 eV) at 1000 K in normalized and physical
units . These values are far below the energy difference between the PN barrier
and the kink energy. However, in some simulations, for temperatures of 1000 K the
thermalization is not completely achieved due to appearance of nonlinear waves
instead of phonons. Therefore, localized peaks of the background vibrations can
interfere with the crowdion where, in some cases, it can be trapped leading to
a highly localized nonlinear stationary perturbation. Figure 1.23 (d) shows and
example of this situation, where the crowdion is eventually trapped forming an
interstitial defect.

Thermal effects discussed in this section lead to different survival path length
of the crowdions. It the hypothesis of crowdions propagating in mica muscovite is
correct, they might be related with some the tracks observed in the mineral. Other
feature of the presented simulations worth remarking is that the high equivalent
temperature of the nonlinear tail radiation of the crowdion is likely to favor a
change of structure and the formation of tracks.

1.9 Conclusions

In this chapter we have modeled a low dimensional system using realistic potentials
corresponding to a row of ions in a silicate layer, mica muscovite sheet. Our
objective was to determine what kind of nonlinear localized modes can exist with
realistic parameters and with what characteristics. The choice of the parameters
of mica muscovite is motivated by the fact that many of the dark tracks that
appear in sheets of this material are consistent with the in-layer propagation of
vibrational excitations along close-packed lattice lines of ions, and an experiment
has demonstrated that localized energy can travel along lattice directions, being
able to eject an atom at the opposite surface.

The modeling of the system has followed a process of increasing complexity to
better understand which effect is responsible for which characteristic of the model.
In the starting model in preliminary publications (Archilla et al., 2013; Archilla
et al., 2014), only K+ions with nearest-neighbor Coulomb repulsion were present,
for which we have found that very fast supersonic kinks can propagate. They are
extremely localized, only two particles or for higher energies only a single particle
is moving at the same time.

We have added analytical calculations of the energies and compare them with
numerical simulations. We have also shown that the introduction of interaction
with several neighbours do not produce significant changes as long as the sound
speed in each system is taken as a reference. But the extremely short minimal
interatomic distances in the kink has motivated the introduction of more realistic
short-range ZBL potential. In the improved dynamical model, kinks propagate
equally well and with as much energy as desired, but now with realistic minimal
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interatomic distances.

The next step was the introduction of a periodic substrate potential using
empirical potentials and the geometry of the crystal. Supersonic kinks continue
to propagate without losing energy but with several important properties:

a) The main one is that the system selects only one velocity and one energy of
the kink;

b) The lattice kink energy is larger than the one which is needed for atom
ejection at the surface, and smaller than the one of the proposed sources of energy,
the recoil of a K+ion due to beta emission;

c) The found kinks can be described as the double-kinks or bi-solitons depend-
ing of the variable chosen. The unique velocity of the supersonic kink on the
periodic substrate potential we relate with the kink amplitude of relative particle
displacements which is determined by the interatomic distance corresponding to
the minimum of the combined intersite plus substrate potential.

The extreme discreteness of the system with basically two particles moving
at the same time allows for the detailed interpretation of the observed double-
kinks, which was not possible for multi-kinks without dispersion presented in other
works. The double-kink structure is produced by the matching of the two collisions
experienced by a particle and the process of going over the substrate potential
barrier between neighboring sites. We have shown that realistic potentials allow
for the propagation of ultra discrete lattice kinks with energies that are consistent
with the properties observed in experiments. Although we cannot claim that
those kinks are responsible for those phenomena, it seems likely that they play an
important role.
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