Chapter 6

Chiral Beams

generated by Spiral Gratings

Abstract

Previously, zeroth order Bessel-like beams have been generated by
axisymmetric diffraction gratings. Here, we report the generation of
high order Bessel beams by the diffraction of plane waves over spiral
shaped scatters. The acoustical beam vortex structure is analyzed and
a method for generate arbitrary order Bessel beams based in multiple
arms spirals is presented. A passive device is experimentally tested
in the ultrasound regime and a first order Bessel vortex beam is ob-
served. Simulations in the weak nonlinear regime are also included
where the conservation law for the ratio between the topological charge
of the beam and the generated harmonic order is proved. This novel
technique can be used to generate cheap lenses for acoustic particle
manipulation and acoustic radiation force applications.
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Chapter 6. Chiral beams generated by spiral gratings.

6.1 Introduction

In the previous Chapters (4, 5) the diffraction generated by axisymmetric struc-
tures is analyzed for generate Bessel beams and strongly focused beams. Many
of these axisymmetric structures, matching its symmetry with the usual sources,
have been proposed for the control of the acoustic field. thus, zeroth-order Bessel-
like beams can be generated by these structures in Bragg regime (Jimenez et al.,
2014). In the long-wavelength limit, GRaded INdex (GRIN) lenses amplify the
field in the axis (Romero-Garcia et al., 2013; Molerén et al., 2014). In all of these
configurations the scattered field maintain the axisymmetry of the lenses.

Zeroth-order Bessel beams, as those reported in Chapter 4, present a maximum
of the field trough the axis. On the other hand, higher-order Bessel beams exhibit a
minimum of the field at the axis. Both, zeroth and higher Bessel beams propagates
in free space without any diffraction spreading, as long they are propagation-
invariant solutions of the Helmholtz equation (Durnin et al., 1987). Both types
of beams are characterized by the appearance of high amplitude concentric rings
surrounding the axis that its transverse profile follows a [th-order Bessel function.
Is important to note also that the magnitude of the spatial spectrum of these
beams does not depends of the order of the beam, i.e. in the far field all Bessel
beam is characterized by a annular radiation. In other words, all Bessel beams can
be generated by a conical wavefront of infinite extension. The difference between
zeroth and higher order Bessel beams is that for higher order Bessel beams the
azimuthal phase shows a linear variation across its annular spectrum. Thus, the
central zero in the axis of the higher-order Bessel beams that appears in the near
field is caused due to the phase singularity of charge [ associated with the azimuthal
phase variations.

In this way, high order Bessel beams generates acoustical vortices with a spatial
phase dependence that cannot be generated by axisymmetric radiating sources. In
optics, different solutions have been proposed to break the axial symmetry in an
appropriate way to generate vortices. These methods include direct Gaussian beam
illumination by use of axicon-type computer generated holograms (Vasara et al.,
1989; Heckenberg et al., 1992) or illuminating an axicon with a Laguerre-Gaussian
mode (Arlt et al., 2000). Another solution is to impose an azimuth-dependent
retardation on the optical field with Spiral Phase Plates (SPP) (Oemrawsingh et
al., 2004). A diffraction grating with groove bifurcation (called ”fork”) is also able
to generate a vortex from an optical beam falling onto the grating center with an
arbitrary topological charge (Bekshaev et al., 2008).

Although phase dislocations were first studied in acoustics (Nye et al., 1974),
the related experimental works have been developed lately. The acoustic analog of
optical Spiral Phase Plates was proposed by Hefner et al. (1999). Here, the trans-
ducer surface is physically offset by twisting like the coil of a spring. This design
has an important limitation: the transducer has a unique operating frequency of

154



6.2. From axisymmetric to chiral beams

interest. Other approaches include the use of photoacoustic effeect to generate the
Helical beam (Gspan et al., 2004). A common approach to overcome this problem
is by using electronic means: an appropriate phase profile for an array of trans-
ducers generates the helical beam. Thus, signals emitted by each transducer of
the array are delayed in order to control the angular phase shift. The interaction
of high order Bessel beams with particles have been widely studied in the exhaus-
tive collection of works of F. G. Mitri and G. T. Silva among others. Two main
remarkable effects have been reported: (1) the transference of orbital momentum
from the acoustical vortex to the particle (Mitri et al., 2012), and on the other
hand, the appearance of negative axial acoustic radiation forces (Marston, 2006;
Marston, 2007a; Mitri, 2008; Mitri, 2009). Thus, practical applications of vor-
tex acoustic beams are multiple: particle manipulation (Demore et al., 2011) and
acoustical tweezers (Wu, 1991), an acoustic spanner (Skeldon et al., 2008), rotation
of fibers (Schwarz, 2013) or multiple-particle trapping (Yoon et al., 2014). How-
ever, although the array provides active steering and control of the vortex beam,
in these active methods the discretization of the source is restricted by the number
of transducers in the array. On the other hand, the screw dislocations generated
by finite amplitude acoustical vortex has been also studied. In the case of weak
nonlinear regime, it has been proved the conservation law for the ratio between
the topological charge of the beam and the generated harmonic order (Thomas
et al., 2003; Marchiano et al., 2008). ON the other hand, for intense acoustic
beams, azimuthal shock wave have been reported numerically and experimentally
(Marchiano et al., 2008; Brunet et al., 2009; Brunet et al., 2010).

In this Chapter we propose a passive system for the formation of acoustic vor-
tex. The design consist of an Archimedes’ spiral grating. An experimental setup is
proposed in the ultrasound regime, where the results show that the diffracted field
around the axis generates a first order Bessel beam with its characteristic screw
dislocation. A method for synthesize high order Bessel beams is also provided and
tested numerically, where it was proven that a n-arm spiral generates a nth-order
Bessel beam. Furthermore, weakly nonlinear propagation is considered, where the
conservation law for the ratio between the topological charge of the beam and the
generated harmonic order is also observed.

6.2 From axisymmetric to chiral beams

Let us start considering a pair of uniform axisymmetric gratings, A and B, as those
studied before in Chapter 4. Let the grating A only differ in one aspect from the
grating B: a shift in the radial position of the toroidal rings. Figure 6.1 shows a
scheme of the situation. Therefore, the first structure presents a radial distribution
for the M toroidal rings as r,, = ma, where a is the separation distance between
rings and m = (1,2,..., M) is the ring index. On the other hand, the second
structure is designed as r,, = ma + a/2. The incident plane wave is scattered by
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Chapter 6. Chiral beams generated by spiral gratings.

A

r = ma+a/2

Figure 6.1: Scheme of the axisymmetric diffraction grating. The structure A differs from B by
a shift of Ar = a/2 in the radial distribution of the rings. The incident plane wave is scattered
by the structures in a converging conical wavefront. When it converges to the axis a Bessel beam
is formed. The beams generated have equal magnitude but are shifted A¢ = 2wrAr/a, that in
this example, for Ar = a/2 leads to a phase difference of A¢ = pi.

the structure creating a conical wavefront that converges to the axis of symmetry
creating a limited-aperture Bessel beam. Same situation is also produced in the
configuration B, with the only main difference of the scattered field is phase shifted.

Numerical solutions for the scattering of the two structures are shown in
Fig. 6.2. It is clearly visible how the magnitude of the field remains basically
the same, where the transversal field is described by a Bessel function of zeroth
order, namely Jy. In the other hand, the phase difference between the structure
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Figure 6.2: Radial distribution of the field generated by the axisymmetric structures A and B.
(left) Magnitude, (right) phase. Note if the ¢5 + ¢ = 0, then A¢ = 7.

156



6.2. From axisymmetric to chiral beams

A and the shifted grating B is 7 radians. The field remains in anti-phase not only
at the center, but over all the the lateral lobes of the Bessel function. Only at the
zeros of the Bessel function there exist in the simulations some not perfect anti-
phase field distribution. In this example, the structure A is shifted in the radial
coordinate by half of the radial period, this spatial shift between both structures
is Ar = a/2. In a more general case, the phase difference can be related to the
radial shift simply by

A¢p =2rAr/a (6.1)

where A¢ = ¢ — ¢p is the phase difference between fields generated by a gratings
shifted a distance Ar.

Thus, we propose a structure composed of curved tubular scatters, but not
necessary of toroidal shape, that mixes the properties of the gratings A and B
in order to have a destructive interference in the axis. First, is obvious that this
structure is no longer axisymmetric, as long the scatters at azimuth angle 6§ = 0
must be shifted radially by Ar = na/2 respect to the plane § = 7, being n an
integer. On the other hand, the tubular scatters must be continuous in azimuth,
and the following design condition

B(0) = p(O+7) £ (6.2)

must hold for any 6. This condition is necessary in order to achieve a minimum
at the axis. It essentially states that there exist a scattered field at some 6 that
have inverted phase respect to the scattered field at opposite azimuth 6 + 7.

Let us here assume that the phase of the field changes linearly with the azimuth
angle as ¢ = «af. Substituting this equation in Eq. (6.2) we get that, in order to
fulfill the design conditions, that the rate of change of phase respect to the azimuth
angle must be o = +1, leading to the simple relation ¢ = +6.

Then, we can write Eq. (6.1) as

Ar a

This relation states that the rate of change in the radial position of the tubes
respect to the changes produced in the phase of the field is constant. Thus, using
A¢ = £A6, we can relate the change of the radial position of the tubes respect to

the azimuth coordinate as A
r a
— =+ 6.4
Ad 2m (64)
In the continuous limit, 25 — 9% and therefore Eq. (6.4) can be expressed as
the parametric curve
P (6.5)
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with b = a/27. Thus, if the tubular scatterers are bend following this parametric
curve, the scattering of the structure in the axis must be zero. This expression
is the Archimedes’ spiral, a particular case of the general class of Archimedean
spirals that can be described by

r=4b0'/7. (6.6)

Here, the parameter v controls how fast the spiral is wrapped. For v = 1,
we get the normal Archimedes’ spiral, with uniform separation between turns, for
v > 1 the spiral radius grows with each turn, while for v < 1 the separation
distance between turns becomes thigh. Special cases of this family are the lituus
(v = —2), the hyperbolic spiral (y = —1) or the Fermat’s spiral (y = 2).

6.3 Chiral beams generated by spiral gratings

In the previous section we have found that the spirals gratings are good candi-
dates to provide chiral beams. These spirals have the propriety of having uniform
separation between turns as r(6 4+ 27) = r(0) 4+ a. This uniformly spaced grating,
as occurs in the previously studied Bessel beams, diffracts plane waves in a con-
verging conical wavefront!. In analogy to the well-known diffraction grating, the
angle 8 defined by the conical wavefront is

sinf = N\/a, (6.7)

where ) is the wavelength and NV is the diffraction order. A scheme of this situation
is shown in Fig. 6.3. It is well known that a converging conical wavefront generates
a Bessel beam. The field of an ideal Bessel beam can be expressed for the velocity
potential?, 1, as

Y (r,0,z) = o, (k1) exp (ik,z £ inb) , (6.8)

where J,, is the nth-order Bessel function g is the amplitude, and k, and k, are
axial and transverse components of the wavevector k = \/k2 + k2. It is important
the relation of this quantities to the cone angle of the Bessel beam

cosfB =k,/k, sinf =k./k. (6.9)

INote that the field is also scattered in a diverging cone with angle 7/2 — 3, but this waves
does not contributes to the field distribution near the axis in free propagation. If the structure
is embedded inside a tube, this field can be reflected by the boundaries and it will converge to
the axis creating another Bessel beam.

2the velocity potential can be related to the acoustic pressure as p = iwpgy and to particle
velocity as v = Vi
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6.3. Chiral beams generated by spiral gratings

Figure 6.3: Scheme of the Archimedes’ spiral scattering process. The incident plane wave
is scattered into a converging conical wavefront which its phase changes linearly in azimuthal
angle 6. The field can be described as a first order Bessel beam, where in the axis a corkscrew
dislocation is produced, leading to an acoustic vortex and a node at r = 0.

Note the trivial solution for g = 0, where the Bessel beam reduces to a plane
wave traveling in the z direction. Therefor, thee cone angle 3 of the Bessel beam
depends on the separation of scatters. Thus, combining Eq. (6.7) and (6.9) we get
the relations

27N 27N
T atanf T a

(6.10)

This relations allow us to obtain the Bessel beam field, Eq. (6.8) in terms of
the grating parameters as

Y (r,0,z) = oy (27TNT> exp (iaQtZiVBZ + in@) . (6.11)

This idealized field is valid for a grating of infinite aperture. In the case of a real
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structure with finite aperture, the Bessel beam is bounded in the axial direction. Is
common to refer to this limitation as limited diffraction Bessel beams. Therefore,
if the grating have a total aperture of R = Ma, where M is the number of turns
of the spiral, from simple trigonometrical considerations the cone angle will cover
a region of the axis from z = 0 to z = F', being

R Ma? NA\?
F= = 1— (== 12
tang8  NA < a ) (6.12)

the maximum distance at which the Bessel beam is formed, showing the limit of
the validity of the nondiffractive propagation.

Let us consider the radiation converging from each ring at angle 3, in order to
find the locus of the points around the axis where exact constructive interference
is produced. The spiral grating is not axisymmetric, but chiral, that is, it is
distinguishable from its mirror image and it cannot be superposed onto it. Thus,
the radiation converging from each ring do not converge along the symmetry axis.
Figure 6.4 shows a scheme, where if we suppose the grating diffracts the wave at
angle 3, and following simple trigonometry considerations the coordinates of the
focal points can be obtained in function of the spiral geometry. Thus, for the axial
component of the focal can be expressed as

Fr,, 9, z,)

mrF/\ N\ /7~
N S S

Figure 6.4: Scheme of the geometry of the spiral. Due to the scattering of the spiral at angle
3, the locus of points in which perfect constructive interference is produced around the axis is
an helix.
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6.3. Chiral beams generated by spiral gratings

zp(r,0) = w\/l —sin? B. (6.13)

Then, using the cone angle definition and the spiral curve r() we get

2r(6) = <2i + i) % 1— (?)2 (6.14)

On the other hand, this interference is not produced at the axis, but shifted
a constant radial distance. From the geometry, see Fig 6.4, we can see that the
radial component of the focal is

rp =a/4. (6.15)

Equations (6.14-6.15) composes the curve F(rg, 0, zr), that is a liner helix of
constant radius. Thus, in addition the beam generation, the scattering located
in the points of the spiral achieves perfect constructive interference over the helix
curve that rotates around the axis. Moreover, the distance between turn of this
helix can be calculated as zp(0+27) — zp(0) = Acos §/N. Thus, for small diffrac-
tion angles, the focal rotates in z with a period of the order of the wavelength,
when for shorter Bessel cone is generated, the distance between rotation in the
helix stretches®.

6.3.1 First order Bessel beams

Let us now analyze the Archimedes’ spiral with v = 1 and b = a/27. With this
parameters the ideal Bessel beam can be expressed as

¥ (r,0,2) = od, (fr) exp (zb;\]wz + in@) ) (6.16)

In the other hand, we model the scattering of the grating by two methods.
First, if the scatters are thing compared to the wavelength, we can assume the
scattering of each fragment of the spiral can be modeled by a point source. This
modeling is also valid in the opposite limit, where the scatterers are thick enough
to provide narrow aperture between them. In this situation the structure forms
a grating. From Babinet’s principle considerations, both situations can be equiv-
alent. Therefore, we calculate the Rayleigh-Sommerfeld diffraction integral along
the path of the spiral, r = bf, as

—iWpPoU exp(ik|r
p(x,y,2) = 27pT0 0/ p?r| Ddr (6.17)

3In the limit 8 — 0, where the helix period is the wavelength, the divergent and conver-
gent conical wavefront sums again into a plane wave. Thus, the helicity disappears due to the
topological charge of two chiral waves is inverted.
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Figure 6.5: (Left) Transversal cut of beam field obtained by (continuous line) the analytic
expression for ideal Bessel beam Eq. (6.16) and (circles) obtained by numerical evaluation of the
Rayleigh-Sommerfeld diffraction integral Eq. (6.17) for a finite structure. (Right) Far-field of the
spiral scattering showing the typical ring of the Bessel beam.

where |r| is the distance between each point in the path, r = b6, and the observa-
tion point (z,y, 2).

Second, we also approximate the diffraction with full-wave numerical integra-
tion of the acoustic wave equations. This approach provides an accurate estimation
of the diffraction in situations where the wavelength is of the order of the scat-
ter size, but due to the problem is 3D, the full cartesian domain is integrated
and is computationally intensive. In order to reduce the grid refinement require-
ments, we use the k-space method for solving the 3D computational problem. This
method will be necessary also for the last section where we include the nonlinear
propagation effects.

Figure 6.5 shows an example of first order Bessel-like beam generated by an
uniform spiral with parameters § = 56.4°, a/A = 1.2 and aperture R = 60\. We
can see that the analytic expression for ideal Bessel beam Eq. (6.16) agrees with
the solution obtained by the numerical evaluation of the Rayleigh-Sommerfeld
diffraction integral Eq. (6.17) for this finite structure. On the right subplot, it can
be appreciated how the typical ring of the Bessel beam appears in the far-field.
This result shows that a conical wavefront is being generated by the structure,
and it can be seen that the transversal wavenumber agrees with the estimated by
the spiral parameters in Eq. (6.10), marked as a dotted line as k, in the figure.
Therefore, we prove the field generated by the spiral structure is a first order
Bessel-like beam.
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x/A

Figure 6.6: Transversal distribution of the field obtained by numerical evaluation of the
Rayleigh-Sommerfeld diffraction integral. (Left) Magnitude, (right) phase. Colorbars in nor-
malized units (p/po and ¢/).

Radial distribution: vortex

One of the main features of the high order Bessel beams (HOBBs) is that all over
the axis the field is zero, in contrast with the zeroth-order Bessel beam where
a maximum appears in the symmetry axis. In the high order Bessel beams this
zero is generated by destructive interference of a phase-rotating conical wavefront.
Therefore, as a necessary condition, a vortex is generated around the axis. Fig-
ure 6.6 shows the transversal distribution of the field of a spiral at F/2. It can
be observed the node at the center in the magnitude, as long the high amplitude
lateral lobes characteristic of the HOBBs.

On the right subplot, it can be appreciated that a vortex is generated. The
number of complete phase shifts per turn is one, the vortex presents a topological
charge of 1. The nodes of the field connects 2 areas with opposite phase, while at
the central minimum a screw-cork like dislocation is produced in the field. The
ringed areas of the phase distribution corresponding to odd lateral lobes are phase
inverted respect than the even ones, but all have the same rotation direction.

Axial distribution

Although the field distribution in the sagittal plane correctly corresponds to a
truncated Bessel beam, there exist some features that must be underlined. Fig-
ure 6.7 shows the field in the (z = 0) plane of two first order Bessel beams. In
the top subplot the spiral parameters are a/A = 1.85, that leads to a cone angle
of f = 32.7° and a beam extension distance of F' = 115\. As can be seen in the
figure, the generated beam agrees with the analytical parameters. However, the
farther part of the beam that is close to F' presents more amplitude compared to
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Figure 6.7: (Top) Distribution of the field for a spiral of a/XA = 1.85 that leads to a (white
line) cone angle of § = 32.7° and beam extension distance of F' = 115\ (white line at y = 0).
(Bottom) Distribution of the field for a spiral of a/XA = 1.3 that leads to a (white line) cone
angle of 8 = 50° and beam extension distance of F' = 43.2)\ (white line at y = 0). Colorbars in
normalized units (p/pmax)-
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Figure 6.8: (Left) Axial Intensity distribution for a spiral of (blue) a/\ = 1.85 and (red)
a/X = 1.3. Black dashed lines shows the analytical extension of the truncated beam with a
linear intensity profile. (Right) Axial Intensity distribution including higher diffraction orders
for a spiral of (blue) a/\ = 2.85 and (red) a/\ = 2.3.

400

the part of the beam that is close to the grating. On the other hand, the field also
present some oscillations in the z direction.

Figure 6.7 (bottom) shows other example at lower frequency. Here, the spiral
parameters are a/A = 1.3, that leads to a sharper cone angle of f = 50° and a
closest extension distance of F' = 43.2. Same properties can be observed in this
situation.

In order to analyze the field amplitude, a axial cut is represented in Fig. 6.8.
As long the field is zero in the axis, the intensity distribution shown in Fig. 6.8 is
evaluated trough the maximum of the first lateral lobe. It can be clearly seen that
the intensity increases linearly with the axial distance. This effect, is analogous
to the studied in Sec. 4.2. As long the outermost rings scatters more energy, the
external portions of the conical wavefront present more intensity. This energy con-
verges to axial points around F', creating the same Bessel beam but with linearly
increasing intensity.

Same effects are observed for the higher diffraction orders. As can be seen in
Fig. 6.8 (right), when a/A > 2 the higher diffraction orders generates a secondary
beam. Its corresponding parameters correctly follows the analytical estimations,
as can be seen comparing the beam distribution to the dashed black lines. Due
tho the appearance of this secondary beam, the amplitude of the fundamental
diffraction order is reduced.

A parametric study of the longitudinal field is presented in Fig. 6.9 (left). It is
analogous to the Fig. 4.2 for the zeroth-order Bessel beams. The field distribution
extends with frequency following the analytical estimations (white lines), and for
a/\ > 2 higher diffraction orders appears forming secondary Beams close to the
grating. On the other hand, similar study can be addressed for the transversal
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Figure 6.9: (Left) Axial distribution of the field in function of the quantity a/\ obtained by
numerical evaluation of the Rayleigh-Sommerfeld diffraction integral. White lines indicates the
estimation of the focal by Eq. (6.12). (Right) Transversal distribution of the field in function
of the quantity a/A. Black dotted lines indicates the lateral location of the lobes estimated by
Eq. (6.16). Colorbars in normalized units (p/po and ¢/m).

distribution. Figure 6.9 (right) shows the lateral distribution normalized to the
wavelength in both axes. The separation distance is varied. As long the lateral dis-
tribution of the HOBBs depends on the transversal component of the wavevector,
k. = 2w N/a, there exist a lateral dependence of the lateral beam-width respect to
spiral parameters. It essentially states that extending the Bessel beam at longer
distances by spacing the spiral also spreads the beam-width. The numerical inte-
gration agrees with the analytical estimations (dashed black lines).

6.3.2 Experimental validation

An experimental test was realized in order to validate model results. A spiral grat-
ing was fabricated by laser cutting over a stainless steel plate of 0.8 mm thickness.
Fig. 6.10 (a) shows a scheme of the grating designed. The grating aperture was
a = 1 mm. The thickness of the scatters was 0.75 mm (solid parts), leading to a
grating aperture of 0.25 mm (open parts)*. The number of turns was M = 20 and
the grating radius was R = 25 mm. The circular spiral plate was placed in front of
a ultrasound plane transducer. This source was formed by a plane single element
piezoceramic crystal (PZ 26, Ferroperm Piezoceramics, Denmark) mounted in a
custom designed steel housing with aperture R = 25 mm, matching the area of the
spiral grating. The separation distance between the grating and the source plane
was adjusted to 0.5 mm.

4As pointed before, following Babinet’s principle considerations, the scattered field by an
structure of thin scatters or thin slits, in terms of the generated beam profile over the axis, is
equivalent.
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(b) -

Figure 6.10: (a, ¢, d) Scheme of the grating used in the experiment. (b) The spiral grating
mounted in front of a plane ultrasound transducer.

The transducer was immersed in a degassed and distilled water tank of (350 x
350 x 350 mm) were during the measurements the temperature was constant at
26° C. Therefore, the theoretical beam extension distance of the proposed grating
lens at the operating frequency was F' = 27 mm and only one diffraction order
appear.

The source was driven with a sinusoidal pulse burst of frequency fo = 2.226
MHz and 50 cycles using a function generator (14 bits, 100 MS/s, model PXI5412,
National Instruments) and a linear RF amplifier (ENI 1040L, 400W, 55dB, ENI,
Rochester, NY). The pressure waveforms were acquired with a HNR 500 pm needle
PVDF hydrophone (Onda Corp, CA), and a digitizer (64 MS/s, model PXI5620,
National Instruments) were used. A three-axis micropositioning system (OWIS
GmbH, Germany) was used to move the hydrophone in three orthogonal directions
with an accuracy of 10 pm and a National Instruments PXI-Technology controller
NI8176 was used to control all the devices. The amplitude frequency response of
the hydrophone was compensated in post-processing.

Figure 6.11 summarizes the experimental and numerical results, and the Rayleigh-
Sommerfeld integration. It can be observed in Fig. 6.11 (a) that the steel grating
conform a beam with a zero in its axis, and with a ring shaped maximum sur-
rounding this zero. The experimental beam agrees the analytical Bessel beam
presented in Fig. 6.11 (¢). On the left column, the phase is shown and, again,
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Figure 6.11: (a) Normalized field magnitude and (b) phase observed in the experiment and (c,
d) its corresponding analytical estimation using Rayleigh-Sommerfeld integration. Colorbars in
P/Pmax units for the magnitude and ¢/7 units for the phase.

Figure 6.12: Transversal cut of the field observed by (circles) grating experiment and (line)
predicted by the HOBB. Vertical line marks the axis were the zero field is expected.
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the generated beam in the experiment shows the correct topological charge of the
analytic solution plotted in Fig. 6.11 (d). The characteristic screw-cork dislocation
of the field at the center is also observed. Moreover, the phase distribution all over
the secondary lateral lobes of the beam also shows, in some degree, the correct
phase distribution of the HOBB.

However, some discrepancies can be observed in the experimental measure-
ments. These aberrations are minor and can be produced by the misalignment
between the grating and the transducer plane. A detailed transversal field profile
is presented in Fig. 6.12. The transversal cut (markers) was selected for an az-
imuthal angle in the (y,x) plane at -3 degrees, in order to present a good fit with
the analytical solution (black line). The traversal profile correctly agrees its cor-
responding Ji (k,r) first order Bessel function. Minor aberration slightly modifies
the lateral lobe amplitude, but the main features of the high order Bessel beam,
i.e. its central zero and rotational vortex, are correctly observed by the proposed
(and simple) experimental setup.

6.4 High order Bessel beams generated by n-arm
spirals

In the preceding section a synthesis of first order Bessel beams is proposed. The
basic principle of formation is the destructive interference trough the axis of a
rotating-phase conical-wavefront. The phase rotation over a turn in the cone was
27, and the topological charge of the generated vortex was 1. Here, we extend
this idea in order to generate vortex with higher topological charge. Therefore, the
phase rotation of the cone must increase for each turn as n27. Applying same ideas
developed previously, Eq. (6.1), we must increase the spiral radius r as r(6) = nbé
in order to increase the rotation of the phase by n2.

However, if the spiral is constructed in that way, the spacing between turns
is increased from a to na, and therefore, higher diffraction grating will appear
and energy will spread into a multi focal beam as shown in Fig.6.8. Actually, the
higher diffraction grating orders of a spiral generates high order Bessel beam. The
beams presented in Fig.6.8 (right) corresponding to the diffraction order N = 2
were second order Bessel beams. Figure 6.13 shows a more clear example. There,
in the left subplot a first order Bessel beam is generated at a/\ = 1.2. On the
right, the frequency is increased to match a/\ = 7.2, the beam of the first order
is generated far a way from the grating plane. Near the source appear the higher
diffraction gratings. The profile of the 7th diffraction grating order generates a
7th order Bessel beam, where it can be appreciated that the numerical integration
correctly agree the analytical estimation using N = 7. Therefore, HOBBs can be
generated from the higher diffraction grating of a simple Archimedes’ spiral.

For practical applications it must be desirable to generate a single HOBB
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P/Po

Figure 6.13: Generation of a high order Bessel beam from higher diffraction orders of a simple
Archimedes’ spiral grating. (continuous line) Analytical solution with (left) N = 1 and (right)
N =7, (circles) numerical integration at a distance z = F(N)/2

without any diffraction orders in order to do not spread energy from the main
beam to other secondary spots, e.g. in addition to the previously 7th order Bessel
beam of Fig. 6.13, all the inferior order Bessel beams are generated together.

The only way to increase the radius of the spiral as r(6) = nbf, while maintain-
ing the grating spacing between turns, a, is to add additional arms to the spiral
that fills the space between the stretched new curve. The general expression of
n-arms spiral is

2
r; =nb <6—|—j§). (6.18)

Therefore, there exists n curves, each j curve is separated a distance a from its
adjacent curve, and each curve start from the origin at different angles, equispaced
27 /n. Figure 6.14 shows various spirals with increasing number of branches. In the
case of n = 2, it can be observed that the curve for the j = 1 branch (black spiral)
have a growth slope of Ar/A# = 2b. Therefore, the phase rotates at Agp = Af = 2.
Same applies to the second arm, but this arms maintain the separation between
turns constant, allowing the generation of the Bessel conical wavefront for the first
diffraction order. As Fig. 6.14 shows, other possibilities are also feasible in order
to obtain higher spiral arms. The main issue is that when the number of arms
increases the aperture between them does not remain constant near the center,
when obviously in the limit n — oo, the structure becomes completely opaque if it
is formed by finite sized scatterers, or in-existent if the grating is formed by finite
sized slits.

As long the spacing between spiral arms is kept constant at a distant a, the
diffraction produced by the grating will create a cone with same angle that for

170



6.4. High order Bessel beams generated by m-arm spirals

n=20

Figure 6.14: Scheme of a variety of n-arm spirals.
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the first order Bessel Beams. When this conical wavefront converges to the axis,
a Bessel beam is also generated. However, due to the rotation of the phase is
increased by a factor of n, the corresponding beam is a nth-order Bessel beam. It
can be appreciated in the last term of Eq. (6.11), that the topological charge will
also be increased by a factor n. The number of arms of a spiral directly corresponds
to the order of the Bessel beam generated and therefore to the topological charge
of the acoustical vortex.

Beam profiles of the generated HOBBs are presented in Figs. 6.15-6.17. The
magnitude of the field transversal sections are shown in Fig. 6.15 for n-arm spiral
gratings of n = 1,2,3,7,20,50. Here, the grating parameters were selected as
a/\ =1.2 and 8 = 56.4°. First, in Fig. 6.15 we represent a transversal cut of the
field measured at z = F'//2. As can be seen, the field is zero at the axis of the beam,
and the central null spot increases in size according to the number of branches of
the spiral. The generated field is nearly zero in a cylindrical volume around the
axis: the higher the number of arms of the spiral, the bigger the volume around
the axis where the field is nearly zero. Even in the case of a 50 branches spiral,
the generated beam profile agrees with a 50th order Bessel beam. In this case,
the corresponding central null is generated over a roughly cylindrical volume of
18 A diameter (in agreement to Eq. (6.16) and a height of F' (in agreement to
Eq. (6.12).

The location of the ring shaped lateral lobes, where the field increases to its
maximum, also matches the beam profile of the function J,(27/ar). A close
comparison will be presented later. On the other hand, it can be appreciated that
the ringed lateral lobes present some oscillations or bumps. They are more evident
in the higher order Bessel beams. If the transverse plane where the measurement
is done moves from z = F/2 to z = F/2 + AF, these oscillation rotate around
the axis. Furthermore, the number of oscillations is proportional to the order
of the Bessel beam. They can be associated to the geometrical laws of perfect
constructive interference around the axis for each arm of the spiral, in analogy to
Eq. (6.14). Therefore, this results shows evidence of that the focal F(rp,0, zr) for
n-arms develop equispaced n helix curves that rotates around the axis.

On the other hand, the phase of the nth-order Bessel beam rotates around the
axis forming an acoustic vortex. As can be seen in Fig. 6.16, the topological charge
of the beam, i.e. the number of n27w phase increments in a turn, is proportional
to the number of branches. Furthermore, it is in agreement with the n-th order
phase rotation characteristic HOBBs. These features are specially visible around
the ringed areas of the field in which the field is maximum, according to Fig. 6.15.

Figure 6.17 shows the magnitude over the (x = 0) plane. The generated beams
correctly agrees with the truncated HOBBs. The extension of the minimum at the
axis is in all cases F' = X X XA. Another feature is that in the case of higher n,
i.e. n = 50, the extension of the maximum lateral lobe ring is shorter. This is due
to the finite size structure, the beam only can be formed in the volume sonificated
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Figure 6.15: Magnitude of the transversal section of the field generated by a m-arm spiral
grating, from (a-f), n =1,2,3,7,20,50. Colorbars in p/pmax units.
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y/ A
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Figure 6.16: Phase of the transversal section of the field generated by a n-arm spiral grating,
from (a-f), n =1,2,3,7,20,50. Colorbars in ¢/7 units.
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Figure 6.17: Magnitude of the axial distribution of the field for the n-arm spiral grating, from
(a-f), n=1,2,3,7,20,50. Colorbars in p/pmax units.
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Figure 6.18: Magnitude of a transversal cut of the field for the n-arm spiral grating, from
(a-f), n = 1,2,3,7,20,50. (Markers) k-space numerical simulation, (continuous line) analytical
HOBBs solutions.

by the conical wavefront. This volume extends from z = 0 to z = F' at the axis,
but for radially distant points, this distance is reduced. Any case, this limitation
does not impedes the correct formation of the truncated Bessel beam, even in the
case of n = 50.

In order to demonstrate the multiple helix that conforms the acoustic vortex,
we can represent the isosurface of the equal phase points. The modulations in the
field magnitude over the rings of the high order Bessel beam correctly matches the
helical shape shown of this reconstructed Fig. 6.21, in analogy with the analytical
locus by Egs. (6.14-6.15). The number of helix arms is equal to the number of
spiral arms of the gratings, and its radius grows also withe the order of the Bessel
beam generated.

Finally, in order to study these beams in a more realistic configuration, sim-
ulations of the full 3D problem of the same system were performed. In these
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Figure 6.19: Magnitude of the field for the n-arm spiral grating, from (a-f), n = 1,2,3,7,20, 50
obtained by k-space numerical simulation. Colorbars in p/pmax units.
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Figure 6.20: Phase of the field for the n-arm spiral grating,
obtained by k-space numerical simulation. Colorbars in ¢/7 units.

178



6.4. High order Bessel beams generated by n-arm spirals

Figure 6.21: Reconstruction of the helical vortex by an isosurface of field points with equal
phase. The number of helix arms is equal to the number of spiral arms of the gratings. Colorbars
in p/pmax units.

simulations, instead of considering the scatterers perfectly rigid, the grating was
included as a stainless steel plate, with same parameters than in the previous ex-
perimental setup. Thus, longitudinal wave propagation over the bulk of the steel
plane were included. However, shear waves were not included in the simulations
for the sake of simplicity. The simulation parameters used for the water media
were ¢ = 1490 m/s and py = 1000 kg/m? and for the grating plate co = 6100 m/s
and po = 7850 kg/m>. Losses were neglected in both media. Figure 6.18 shows the
analytical HOBBs and the simulations of the proposed steel spiral gratings. Excel-
lent agreement is obtained between the theory and the realistic simulations. Due
the finite size of the structure, in this cases reduced to Ry.x = 25a, the truncation
effect of the Bessel function is more evident, as can be observed in the mismatching
of the farther lateral lobes of the simulated beam. Furthermore, the characteristic
oscillations of the maxima due to the helix focusing are more evident, as can be
observed clearly in Fig. 6.19. It is worth noting here that those maxima are static,
at this transversal cut (z = F/2), but rotates when the measurement is realized
in a different plane according a multiple branch helix.

Concerning the vortex phase, the field also rotates with a topological charge
equal to the spiral number of arms. Only in the case of n = 50 the beam is roughly
generate. This effect is related to the finite sized aperture grating, where the cone
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barely cover the volume necessary to generates the 18\ diameter of the ring shaped
beam. However, even in this situation the central dark spot is generated, due to at
the axis the conical wavefront always covers the volume for z < F'. Those results
evidence the feasibility of high order Bessel beam generation by spiral grating in
realistic configurations.

6.5 Weakly nonlinear chiral beams

The nonlinear propagation of acoustic vortex have been studied previously. Most
of these studies employs arrays of transducers to electronically modify the phase
profile at the source plane. Acoustic vortex beams including shocks has been
tested numerically and experimentally, where rotational shock waves have been
generated. If nonlinear effects are produced in the propagation path and not near
or inside the spiral grating, the propagation of electronically generated beams and
the diffraction grating HOBBs proposed here will present high similarities.

We present simulations of the full-wave Eqs (3.1, 3.2, 3.3). The grating is
designed as in previous simulations, where the nonlinearity of the water is intro-
duced by the nonlinear parameter B/A = 5. Nonlinearity in the bulk of the steel
plate is neglected. As Figs (6.22-6.22) shows, nonlinear acoustic vortex are pro-
duced in a similar fashion than in the preceding sections. However, in order to
correctly account for higher spectral components, the numerical grid have been
refined compared to the numerical results presented below. Due to the compu-
tation requirements of the resulting 3D problem, the total size of the domain of
integration has to be reduced, and therefore, the total aperture, i.e. the number
of turns of the spiral, has been reduced dramatically. In this section, the grating
spiral is composed by only by 5 turns. These computational limitation impedes
the calculation of higher Bessel beams due to the ring lateral lobes falls out of the
domain. Other restriction of the full 3D nonlinear numerical problem is that the
number of harmonics is very limited, and therefore, the simulations only can take
into account weakly nonlinear propagation.

However, the basic features of the nonlinear vortex up to n = 5 can be pre-
sented. Figure 6.22 shows the magnitude of the first and its second harmonic
transversal field distribution. It can be observed that due to the limited aperture
grating, the Bessel beam is not correctly formed, but it can be appreciated how
the characteristic lateral lobes appears. The zero at the axis roughly appears for
the first and third order Bessel-like beams. In the case of n = 5 cannot be formed
correctly. Here, the focalization of each spiral arm that creates n modulations over
the lateral maxima is more evident. Again, if the measurement plane is shifted
a small increment in z axial direction, those maxima rotates. Thus, the maxima
conforms an n-helix curve. The second harmonic field generated in propagation
also focuses on these maxima. In addition, second harmonic field also present
additional modulations in the positions between the first harmonic modulations,
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Figure 6.22: Magnitude of the field for the n-arm spiral grating, from top to bottom n =1, 3,5,
(left column) first harmonic, (right column) second harmonic. Colorbars in p/pmax units.
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Figure 6.23: Phase of the field for the n-arm spiral grating, from top to bottom n = 1,3,5,
(left column) first harmonic, (right column) second harmonic. Colorbars in ¢/7 units.
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being these last of lower amplitude. Therefore, focalization around the axis of the
higher harmonics are also helix shaped: the number of helix curves is the product
of the harmonic index and the Bessel order.

Although the magnitude distribution of the field by this truncated grating
hardly agrees to an ideal Bessel beam, the rotation of phase distribution is in
agreement with the analytical vorticity of HOBBs. Thus, is clearly visible that
the first harmonic in the simulations present a topological charge of n for the
presented cases. In the case of second harmonic it rotates with topological charge
2n. The topological charge is therefore the product of the the harmonic number
and the order of the Bessel, i.e. the product of the harmonic and the number of
arms. Thus, the conservation law for the ratio between the topological charge of
the beam and the generated harmonic order is also observed (Marchiano et al.,
2008). In this sense, nonlinearity present a opportunity to increase the topological
charge of a generated beams.

Intensity vortex

One remarkable feature of the generated vortex is the acoustic intensity field.
Due to the vortex rotation, the acoustic intensity vector presents, in addition
to the axial, a rotational azimuthal component. The existence of this component
evidences the possibility of using the HOBBs to transfer angular momentum to the
media. Figure 6.24 presents an example of the transversal intensity distribution.
The magnitude of the intensity maintains the characteristic ringed shape of the
Bessel beam profile, wile the pointing vector of the intensity rotates around the
axis.

The transfer of momentum from a wave to the media is closely related to the
acoustic radiation force field. In the case of acoustic radiation force generated
by scattering processes, i.e. when the gradient of the acoustic energy density is
not null due to reflection on surfaces or objects, Bessel beams have been demon-
strated high potential to generate interesting configurations for particle manip-
ulation where negative axial radiation forces have been observed. On the other
hand, if the gradient of the acoustic energy density is not null due to attenuation
processes, there appears also a radiation force field. For plane waves, the acous-
tic radiation force exerted in the bulk of the lossy media is directly proportional
to the intensity vector. The generated beams with acoustic intensity vortex can
offer great potential in practical applications that uses acoustic radiation force
generated by both, scattering or attenuation processes. The nonlinear acoustic
radiation force will be studied in detail in Chapter 9 in the case of lossy media
with frequency power law attenuation.
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-0.5 0 0.5

Figure 6.24: Intensity of a first order Bessel-like beam generated by a grating spiral. Colormap
in I/Imax units, (arrows) intensity pointing vectors.

6.6 Conclusions

We have studied the scattering of Archimedes’ spiral gratings, and demonstrated
theoretically, experimentally and by numerical simulations that these diffraction
gratings generates chiral beams. These beams are basically truncated high order
Bessel beams, and are characterized by a null in the field all over it axis. It
is demonstrated how the geometrical focal surrounds the axis in an helix shaped
curve. It is of special interest the method presented for generation of arbitrary nth-
order Bessel beams using regular spiral patters with n-arms or arms. It was shown
that the order of the Bessel beam is directly the number of arms of the spiral. The
radial position of the ringed lateral lobes grows with the order of the Bessel beam,
and over it an acoustic vortex is generated. The topological charge of these vortex
was also proportional to the number of arms of the spiral. Furthermore, we have
demonstrated that another way to generate HOBBs is using higher diffraction
orders, but this approach generates also secondary secondary beams along the
axis and the energy spreads into all. Finally, The topological charge can be also
increased by cumulative nonlinear effects, where the number of the harmonic is
proportional to the product between the number of arms and the harmonic index.

The spiral diffraction gratings offers the possibility of dramatically increase the
order of the beam by using together the mentioned effects. Thus, a grating made of
high number of gratings can radiated with high frequency wave in order to excite
superior diffraction orders. Finally, the ith-harmonic will present a topological
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charge of inN, increasing its rotation and the possibility of transferring angular
momentum to the media. On the other hand, currently work is being developed
applying the technique of period varying grating exposed in Chapter 5 to an spiral
configuration in order to achieve focusing of the vortex.

The presented method for synthesize HOBBs presents a high potential in ul-
trasound particle manipulation techniques and, in general, in acoustic radiation
force applications in which the HOBBs have attracted great interest. This method
provides the possibility of generation arbitrary order Bessel beams by a passive
and extremely cheap device compared to active multiarrays. The generation of
acoustic vortex by active means is limited by the amount of elements and its size.
In contrast, the beam resolution by the proposed gratings is limited by the size of
the scatterers and the space between them. Nowadays, with the increase in the
performance of 3D printing and laser cutting techniques, the generation if HOBBs
offer far more possibilities than its active counterpart to generate acoustical vortex.
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